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^ = =áÑ= ∅
=
∩_
^ .
=
===== =
=
Figure 4.
=
23. ( ) ( ) ( )
`
_
y
`
^
`
_
y
^ ∩
∩
=
∩
24. ^
y
f
^ =
′
25. `~êíÉëá~å=mêçÇìÅí
( )
{ }
_
ó
~åÇ
^
ñ
ö
ó
I
ñ
_
^
` ∈
∈
=
×
=
=
=
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1.2 Sets of Numbers
=
k~íìê~ä=åìãÄÉêëW=k=
tÜçäÉ=åìãÄÉêëW= M
k =
fåíÉÖÉêëW=w=
mçëáíáîÉ=áåíÉÖÉêëW= +
w =
kÉÖ~íáîÉ=áåíÉÖÉêëW= −
w =
o~íáçå~ä=åìãÄÉêëW=n=
oÉ~ä=åìãÄÉêëW=o==
`çãéäÉñ=åìãÄÉêëW=`==
=
=
26. k~íìê~ä=kìãÄÉêë
`çìåíáåÖ=åìãÄÉêëW { }
K
I
P
I
O
I
N
k = K=
27. tÜçäÉ=kìãÄÉêë
`çìåíáåÖ=åìãÄÉêë=~åÇ=òÉêçW= { }
K
I
P
I
O
I
N
I
M
kM = K=
=
28. fåíÉÖÉêë
tÜçäÉ=åìãÄÉêë=~åÇ=íÜÉáê=çééçëáíÉë=~åÇ=òÉêçW=
{ }
K
I
P
I
O
I
N
k
w =
=
+
I=
{ }
N
I
O
I
P
I
w −
−
−
=
−
K I=
{ } { }
K
K I
P
I
O
I
N
I
M
I
N
I
O
I
P
I
w
M
w
w −
−
−
=
∪
∪
= +
−
K=
=
29. o~íáçå~ä=kìãÄÉêë
oÉéÉ~íáåÖ=çê=íÉêãáå~íáåÖ=ÇÉÅáã~äëW==






≠
∈
∈
=
= M
Ä
~åÇ
w
Ä
~åÇ
w
~
~åÇ
Ä
~
ñ
ö
ñ
n K=
=
30. fêê~íáçå~ä=kìãÄÉêë
kçåêÉéÉ~íáåÖ=~åÇ=åçåíÉêãáå~íáåÖ=ÇÉÅáã~äëK
=
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31. oÉ~ä=kìãÄÉêë==
råáçå=çÑ=ê~íáçå~ä=~åÇ=áêê~íáçå~ä=åìãÄÉêëW=oK=
=
32. `çãéäÉñ=kìãÄÉêë
{ }
o
ó
~åÇ
o
ñ
ö
áó
ñ
` ∈
∈
+
= I==
ïÜÉêÉ=á=áë=íÜÉ=áã~Öáå~êó=ìåáíK
=
33. `
o
n
w
k ⊂
⊂
⊂
⊂ =
=
=== =
=
Figure 5.
=
=
=
=
=
=
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1.3 Basic Identities
=
oÉ~ä=åìãÄÉêëW=~I=ÄI=Å=
=
=
34. ^ÇÇáíáîÉ=fÇÉåíáíó=
~
M
~ =
+ =
=
35. ^ÇÇáíáîÉ=fåîÉêëÉ=
( ) M
~
~ =
−
+ =
=
36. `çããìí~íáîÉ=çÑ=^ÇÇáíáçå=
~
Ä
Ä
~ +
=
+ =
=
37. ^ëëçÅá~íáîÉ=çÑ=^ÇÇáíáçå=
( ) ( )
Å
Ä
~
Å
Ä
~ +
+
=
+
+ =
=
38. aÉÑáåáíáçå=çÑ=pìÄíê~Åíáçå=
( )
Ä
~
Ä
~ −
+
=
− =
=
39. jìäíáéäáÅ~íáîÉ=fÇÉåíáíó=
~
N
~ =
⋅ =
=
40. jìäíáéäáÅ~íáîÉ=fåîÉêëÉ=
N
~
N
~ =
⋅ I= M
~ ≠
=
41. jìäíáéäáÅ~íáçå=qáãÉë=M
M
M
~ =
⋅
=
42. `çããìí~íáîÉ=çÑ=jìäíáéäáÅ~íáçå=
~
Ä
Ä
~ ⋅
=
⋅
=
=
 


	18. CHAPTER 1. NUMBER  SETS
8
43. ^ëëçÅá~íáîÉ=çÑ=jìäíáéäáÅ~íáçå=
( ) ( )
Å
Ä
~
Å
Ä
~ ⋅
⋅
=
⋅
⋅
=
44. aáëíêáÄìíáîÉ=i~ï=
( ) ~Å
~Ä
Å
Ä
~ +
=
+ =
=
45. aÉÑáåáíáçå=çÑ=aáîáëáçå=
Ä
N
~
Ä
~
⋅
= =
=
=
=
1.4 Complex Numbers
=
k~íìê~ä=åìãÄÉêW=å=
fã~Öáå~êó=ìåáíW=á=
`çãéäÉñ=åìãÄÉêW=ò=
oÉ~ä=é~êíW=~I=Å=
fã~Öáå~êó=é~êíW=ÄáI=Çá=
jçÇìäìë=çÑ=~=ÅçãéäÉñ=åìãÄÉêW=êI= N
ê I= O
ê =
^êÖìãÉåí=çÑ=~=ÅçãéäÉñ=åìãÄÉêW=ϕ I= N
ϕ I= O
ϕ =
=
=
á
áN
= = á
áR
= = á
á N
å
Q
=
+
=
N
áO
−
= = N
áS
−
= = N
á O
å
Q
−
=
+
=
á
áP
−
= = á
áT
−
= = á
á P
å
Q
−
=
+
=
46.
N
áQ
= = N
áU
= = N
á å
Q
= =
=
47. Äá
~
ò +
= =
=
48. `çãéäÉñ=mä~åÉ=
=
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===== =
=
Figure 6.
=
49. ( ) ( ) ( ) ( )á
Ç
Ä
Å
~
Çá
Å
Äá
~ +
+
+
=
+
+
+ =
=
50. ( ) ( ) ( ) ( )á
Ç
Ä
Å
~
Çá
Å
Äá
~ −
+
−
=
+
−
+ =
=
51. ( )( ) ( ) ( )á
ÄÅ
~Ç
ÄÇ
~Å
Çá
Å
Äá
~ +
+
−
=
+
+ =
=
52. á
Ç
Å
~Ç
ÄÅ
Ç
Å
ÄÇ
~Å
Çá
Å
Äá
~
O
O
O
O
⋅
+
−
+
+
+
=
+
+
=
=
53. `çåàìÖ~íÉ=`çãéäÉñ=kìãÄÉêë=
Äá
~
Äá
~
|||||||
−
=
+ =
=
54. ϕ
= Åçë
ê
~ I= ϕ
= ëáå
ê
Ä ==
=
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=
=
Figure 7.
=
55. mçä~ê=mêÉëÉåí~íáçå=çÑ=`çãéäÉñ=kìãÄÉêë=
( )
ϕ
+
ϕ
=
+ ëáå
á
Åçë
ê
Äá
~ =
=
56. jçÇìäìë=~åÇ=^êÖìãÉåí=çÑ=~=`çãéäÉñ=kìãÄÉê=
fÑ= Äá
~ + =áë=~=ÅçãéäÉñ=åìãÄÉêI=íÜÉå=
O
O
Ä
~
ê +
= =EãçÇìäìëFI==
~
Ä
~êÅí~å
=
ϕ =E~êÖìãÉåíFK=
=
57. mêçÇìÅí=áå=mçä~ê=oÉéêÉëÉåí~íáçå=
( ) ( )
O
O
O
N
N
N
O
N ëáå
á
Åçë
ê
ëáå
á
Åçë
ê
ò
ò ϕ
+
ϕ
⋅
ϕ
+
ϕ
=
⋅ =
( ) ( )
[ ]
O
N
O
N
O
N ëáå
á
Åçë
ê
ê ϕ
+
ϕ
+
ϕ
+
ϕ
= =
=
58. `çåàìÖ~íÉ=kìãÄÉêë=áå=mçä~ê=oÉéêÉëÉåí~íáçå=
( ) ( ) ( )
[ ]
ϕ
−
+
ϕ
−
=
ϕ
+
ϕ ëáå
á
Åçë
ê
ëáå
á
Åçë
ê
|
||||||||||
||||||||||
=
=
59. fåîÉêëÉ=çÑ=~=`çãéäÉñ=kìãÄÉê=áå=mçä~ê=oÉéêÉëÉåí~íáçå=
( )
( ) ( )
[ ]
ϕ
−
+
ϕ
−
=
ϕ
+
ϕ
ëáå
á
Åçë
ê
N
ëáå
á
Åçë
ê
N
=
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60. nìçíáÉåí=áå=mçä~ê=oÉéêÉëÉåí~íáçå=
( )
( )
( ) ( )
[ ]
O
N
O
N
O
N
O
O
O
N
N
N
O
N
ëáå
á
Åçë
ê
ê
ëáå
á
Åçë
ê
ëáå
á
Åçë
ê
ò
ò
ϕ
−
ϕ
+
ϕ
−
ϕ
=
ϕ
+
ϕ
ϕ
+
ϕ
= =
=
61. mçïÉê=çÑ=~=`çãéäÉñ=kìãÄÉê=
( )
[ ] ( ) ( )
[ ]
ϕ
+
ϕ
=
ϕ
+
ϕ
= å
ëáå
á
å
Åçë
ê
ëáå
á
Åçë
ê
ò å
å
å
=
=
62. cçêãìä~=±aÉ=jçáîêÉ≤=
( ) ( ) ( )
ϕ
+
ϕ
=
ϕ
+
ϕ å
ëáå
á
å
Åçë
ëáå
á
Åçë
å
=
=
63. kíÜ=oççí=çÑ=~=`çãéäÉñ=kìãÄÉê=
( ) 




 π
+
ϕ
+
π
+
ϕ
=
ϕ
+
ϕ
=
å
â
O
ëáå
á
å
â
O
Åçë
ê
ëáå
á
Åçë
ê
ò å
å
å
I==
ïÜÉêÉ==
N
å
I
I
O
I
N
I
M
â −
= K K==
=
64. bìäÉê∞ë=cçêãìä~=
ñ
ëáå
á
ñ
Åçë
Éáñ
+
= =
=
=
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=
=
=
=
2.1 Factoring  Formulas
=
oÉ~ä=åìãÄÉêëW=~I=ÄI=Å==
k~íìê~ä=åìãÄÉêW=å=
=
=
65. ( )( )
Ä
~
Ä
~
Ä
~ O
O
−
+
=
− =
=
66. ( )( )
O
O
P
P
Ä
~Ä
~
Ä
~
Ä
~ +
+
−
=
− =
=
67. ( )( )
O
O
P
P
Ä
~Ä
~
Ä
~
Ä
~ +
−
+
=
+ =
=
68. ( )( ) ( )( )( )
O
O
O
O
O
O
Q
Q
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~ +
+
−
=
+
−
=
− =
=
69. ( )( )
Q
P
O
O
P
Q
R
R
Ä
~Ä
Ä
~
Ä
~
~
Ä
~
Ä
~ +
+
+
+
−
=
− =
=
70. ( )( )
Q
P
O
O
P
Q
R
R
Ä
~Ä
Ä
~
Ä
~
~
Ä
~
Ä
~ +
−
+
−
+
=
+ =
=
71. fÑ=å=áë=çÇÇI=íÜÉå=
( )( )
N
å
O
å
O
P
å
O
å
N
å
å
å
Ä
~Ä
Ä
~
Ä
~
~
Ä
~
Ä
~ −
−
−
−
−
+
−
−
+
−
+
=
+ K K==
=
72. fÑ=å=áë=ÉîÉåI=íÜÉå==
( )( )
N
å
O
å
O
P
å
O
å
N
å
å
å
Ä
~Ä
Ä
~
Ä
~
~
Ä
~
Ä
~ −
−
−
−
−
+
+
+
+
+
−
=
− K I==
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(  )( )
N
å
O
å
O
P
å
O
å
N
å
å
å
Ä
~Ä
Ä
~
Ä
~
~
Ä
~
Ä
~ −
−
−
−
−
−
+
−
+
−
+
=
+ K K=
=
=
=
2.2 Product Formulas
oÉ~ä=åìãÄÉêëW=~I=ÄI=Å==
tÜçäÉ=åìãÄÉêëW=åI=â=
=
=
73. ( ) O
O
O
Ä
~Ä
O
~
Ä
~ +
−
=
− =
=
74. ( ) O
O
O
Ä
~Ä
O
~
Ä
~ +
+
=
+ =
=
75. ( ) P
O
O
P
P
Ä
~Ä
P
Ä
~
P
~
Ä
~ −
+
−
=
− =
=
76. ( ) P
O
O
P
P
Ä
~Ä
P
Ä
~
P
~
Ä
~ +
+
+
=
+ =
=
77. ( ) Q
P
O
O
P
Q
Q
Ä
~Ä
Q
Ä
~
S
Ä
~
Q
~
Ä
~ +
−
+
−
=
− =
=
78. ( ) Q
P
O
O
P
Q
Q
Ä
~Ä
Q
Ä
~
S
Ä
~
Q
~
Ä
~ +
+
+
+
=
+ =
=
79. _áåçãá~ä=cçêãìä~=
( ) I
Ä
`
~Ä
`
Ä
~
`
Ä
~
`
~
`
Ä
~ å
å
å
N
å
N
å
å
O
O
å
O
å
N
å
N
å
å
M
å
å
+
+
+
+
+
=
+ −
−
−
−
K
ïÜÉêÉ=
( )>
â
å
>
â
>
å
`â
å
−
= =~êÉ=íÜÉ=Äáåçãá~ä=ÅçÉÑÑáÅáÉåíëK=
=
80. ( ) ÄÅ
O
~Å
O
~Ä
O
Å
Ä
~
Å
Ä
~ O
O
O
O
+
+
+
+
+
=
+
+ =
=
81. ( ) +
+
+
+
+
+
=
+
+
+
+
+ O
O
O
O
O
O
î
ì
Å
Ä
~
î
ì
Å
Ä
~ K
K =
( )
ìî
Äî
Äì
ÄÅ
~î
~ì
~Å
~Ä
O +
+
+
+
+
+
+
+
+
+
+ K
K
K =
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2.3  Powers
=
_~ëÉë=EéçëáíáîÉ=êÉ~ä=åìãÄÉêëFW=~I=Ä==
mçïÉêë=Eê~íáçå~ä=åìãÄÉêëFW=åI=ã=
=
=
82. å
ã
å
ã
~
~
~ +
= =
=
83. å
ã
å
ã
~
~
~ −
= =
=
84. ( ) ã
ã
ã
Ä
~
~Ä = =
=
85. ã
ã
ã
Ä
~
Ä
~
=






=
=
86. ( ) ãå
å
ã
~
~ = =
=
87. N
~M
= I= M
~ ≠ =
=
88. N
~N
= =
=
89. ã
ã
~
N
~ =
−
=
=
90. å ã
å
ã
~
~ = =
=
=
=
=
=
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2.4  Roots
=
_~ëÉëW=~I=Ä==
mçïÉêë=Eê~íáçå~ä=åìãÄÉêëFW=åI=ã=
M
Ä
I
~ ≥ =Ñçê=ÉîÉå=êççíë=E â
O
å = I= k
â∈ F=
=
=
91. å
å
å
Ä
~
~Ä = =
=
92. åã å
ã
ã
å
Ä
~
Ä
~ = =
=
93. å
å
å
Ä
~
Ä
~
= I= M
Ä ≠ =
=
94. åã
å
ã
åã å
åã ã
ã
å
Ä
~
Ä
~
Ä
~
=
= I= M
Ä ≠ K=
=
95. ( ) å ãé
é
å ã
~
~ = =
=
96. ( ) ~
~
å
å
= =
=
97.
åé ãé
å ã
~
~ = =
=
98. å
ã
å ã
~
~ = =
=
99. ãå
ã å
~
~ = =
=
100. ( ) å ã
ã
å
~
~ = =
=
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101.
~
~
~
N  å N
å
å
−
= I= M
~ ≠ K=
=
102.
O
Ä
~
~
O
Ä
~
~
Ä
~
O
O
−
−
±
−
+
=
± =
=
103.
Ä
~
Ä
~
Ä
~
N
−
=
±
m
=
=
=
=
2.5 Logarithms
=
mçëáíáîÉ=êÉ~ä=åìãÄÉêëW=ñI=óI=~I=ÅI=â=
k~íìê~ä=åìãÄÉêW=å==
=
=
104. aÉÑáåáíáçå=çÑ=içÖ~êáíÜã=
ñ
äçÖ
ó ~
= =áÑ=~åÇ=çåäó=áÑ= ó
~
ñ = I= M
~ > I= N
~ ≠ K=
=
105. M
N
äçÖ~ = =
=
106. N
~
äçÖ~ = =
=
107.



<
∞
+
>
∞
−
=
N
~
áÑ
N
~
áÑ
M
äçÖ~ =
=
108. ( ) ó
äçÖ
ñ
äçÖ
ñó
äçÖ ~
~
~ +
= =
=
109. ó
äçÖ
ñ
äçÖ
ó
ñ
äçÖ ~
~
~ −
= =
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110.  ( ) ñ
äçÖ
å
ñ
äçÖ ~
å
~ = =
=
111. ñ
äçÖ
å
N
ñ
äçÖ ~
å
~ = =
=
112. Å
äçÖ
ñ
äçÖ
~
äçÖ
ñ
äçÖ
ñ
äçÖ ~
Å
Å
Å
~ ⋅
=
= I= M
Å > I= N
Å ≠ K=
=
113.
~
äçÖ
N
Å
äçÖ
Å
~ = =
=
114. ñ
äçÖ~
~
ñ = =
=
115. içÖ~êáíÜã=íç=_~ëÉ=NM=
ñ
äçÖ
ñ
äçÖNM = =
=
116. k~íìê~ä=içÖ~êáíÜã=
ñ
äå
ñ
äçÖÉ = I==
ïÜÉêÉ= K
TNUOUNUOU
K
O
â
N
N
äáã
É
â
â
=






+
=
∞
→
=
=
117. ñ
äå
QPQOVQ
K
M
ñ
äå
NM
äå
N
ñ
äçÖ =
= =
=
118. ñ
äçÖ
PMORUR
K
O
ñ
äçÖ
É
äçÖ
N
ñ
äå =
= =
=
=
=
=
=
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2.6  Equations
=
oÉ~ä=åìãÄÉêëW=~I=ÄI=ÅI=éI=èI=ìI=î=
pçäìíáçåëW= N
ñ I= O
ñ I= N
ó I= O
ó I= P
ó =
=
=
119. iáåÉ~ê=bèì~íáçå=áå=låÉ=s~êá~ÄäÉ=
M
Ä
~ñ =
+ I=
~
Ä
ñ −
= K==
=
120. nì~Çê~íáÅ=bèì~íáçå=
M
Å
Äñ
~ñO
=
+
+ I=
~
O
~Å
Q
Ä
Ä
ñ
O
O
I
N
−
±
−
= K=
=
121. aáëÅêáãáå~åí=
~Å
Q
Ä
a O
−
= =
=
122. sáÉíÉ∞ë=cçêãìä~ë=
fÑ= M
è
éñ
ñO
=
+
+ I=íÜÉå==



=
−
=
+
è
ñ
ñ
é
ñ
ñ
O
N
O
N
K=
=
123. M
Äñ
~ñO
=
+ I= M
ñN = I=
~
Ä
ñO −
= K=
=
124. M
Å
~ñO
=
+ I=
~
Å
ñ O
I
N −
±
= K=
=
125. `ìÄáÅ=bèì~íáçåK=`~êÇ~åç∞ë=cçêãìä~K==
M
è
éó
óP
=
+
+ I==
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î
ì
óN  +
= I= ( ) ( )á
î
ì
O
P
î
ì
O
N
ó P
I
O +
±
+
−
= I==
ïÜÉêÉ==
P
O
O
P
é
O
è
O
è
ì 





+






+
−
= I= P
O
O
P
é
O
è
O
è
î 





+






−
−
= K==
=
=
2.7 Inequalities
s~êá~ÄäÉëW=ñI=óI=ò=
oÉ~ä=åìãÄÉêëW=



å
P
O
N ~
I
I
~
I
~
I
~
Ç
I
Å
I
Ä
I
~
K
I=ãI=å=
aÉíÉêãáå~åíëW=aI= ñ
a I= ó
a I= ò
a ==
=
=
126. fåÉèì~äáíáÉëI=fåíÉêî~ä=kçí~íáçåë=~åÇ=dê~éÜë==
=
fåÉèì~äáíó= fåíÉêî~ä=kçí~íáçå= dê~éÜ=
Ä
ñ
~ ≤
≤ = [ ]
Ä
I
~ =
=
Ä
ñ
~ ≤
< = ( ]
Ä
I
~ =
=
Ä
ñ
~ <
≤ = [ )
Ä
I
~ =
=
Ä
ñ
~ <
< = ( )
Ä
I
~ =
=
Ä
ñ ≤
<
∞
− I=
Ä
ñ ≤ =
( ]
Ä
I
∞
− =
=
Ä
ñ <
<
∞
− I=
Ä
ñ < =
( )
Ä
I
∞
− =
=
∞
<
≤ ñ
~ I=
~
ñ ≥ =
[ )
∞
I
~ =
=
∞
<
< ñ
~ I=
~
ñ > =
( )
∞
I
~ =
=
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127.  fÑ= Ä
~ > I=íÜÉå= ~
Ä < K=
=
128. fÑ= Ä
~ > I=íÜÉå= M
Ä
~ >
− =çê= M
~
Ä <
− K=
=
129. fÑ= Ä
~ > I=íÜÉå= Å
Ä
Å
~ +
>
+ K=
=
130. fÑ= Ä
~ > I=íÜÉå= Å
Ä
Å
~ −
>
− K=
=
131. fÑ= Ä
~ > =~åÇ= Ç
Å > I=íÜÉå= Ç
Ä
Å
~ +
>
+ K=
=
132. fÑ= Ä
~ > =~åÇ= Ç
Å > I=íÜÉå= Å
Ä
Ç
~ −
>
− K=
=
133. fÑ= Ä
~ > =~åÇ= M
ã > I=íÜÉå= ãÄ
ã~ > K=
=
134. fÑ= Ä
~ > =~åÇ= M
ã > I=íÜÉå=
ã
Ä
ã
~
> K=
=
135. fÑ= Ä
~ > =~åÇ= M
ã < I=íÜÉå= ãÄ
ã~ < K=
=
136. fÑ= Ä
~ > =~åÇ= M
ã < I=íÜÉå=
ã
Ä
ã
~
< K=
=
137. fÑ= Ä
~
M <
< =~åÇ= M
å > I=íÜÉå= å
å
Ä
~ < K=
=
138. fÑ= Ä
~
M <
< =~åÇ= M
å < I=íÜÉå= å
å
Ä
~ > K=
=
139. fÑ= Ä
~
M <
< I=íÜÉå= å
å
Ä
~ < K=
=
140.
O
Ä
~
~Ä
+
≤ I==
ïÜÉêÉ= M
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2.8 Compound Interest Formulas
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Chapter 3
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3.1 Right  Triangle
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Figure 8.
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Figure 10.
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3.2 Isosceles Triangle
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Figure 11.
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3.3 Equilateral Triangle
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Figure 12.
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3.4 Scalene Triangle
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Figure 13.
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Figure 15.
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3.5 Square
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=
Figure 16.
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3.6 Rectangle
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Figure 17.
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3.7 Parallelogram
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Figure 18.
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3.8 Rhombus
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=
Figure 19.
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3.9 Trapezoid
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Figure  20.
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3.10 Isosceles Trapezoid
=
_~ëÉë=çÑ=~=íê~éÉòçáÇW=~I=Ä=
iÉÖW=Å=
jáÇäáåÉW=è=
^äíáíìÇÉW=Ü=
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Figure  21.
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3.11  Isosceles Trapezoid with
Inscribed Circle
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_~ëÉë=çÑ=~=íê~éÉòçáÇW=~I=Ä=
iÉÖW=Å=
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=
Figure 22.
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3.12 Trapezoid with Inscribed Circle
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Figure  23.
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3.13 Kite
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Figure  24.
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3.14 Cyclic Quadrilateral
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Figure  25.
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3.15  Tangential Quadrilateral
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Figure 28.
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3.21  Segment of a Circle
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3.23 Rectangular Parallelepiped
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Figure  41.
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3.27  Frustum of a Regular Pyramid
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3.28 Rectangular Right Wedge
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Figure  43.
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3.30 Right Circular Cylinder
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3.33 Frustum of a Right Circular Cone
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Figure  50.
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3.34  Sphere
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Figure  52.
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Figure 53.
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Figure 54.
=
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3.38 Spherical Wedge
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Figure  55.
=
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3.39 Ellipsoid
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Figure 56.
=
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Prolate Spheroid
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Oblate  Spheroid
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3.40 Circular Torus
=
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Picture 57.
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Trigonometry
=
=
=
=
^åÖäÉëW=α I=β  =
oÉ~ä=åìãÄÉêë=EÅççêÇáå~íÉë=çÑ=~=éçáåíFW=ñI=ó==
tÜçäÉ=åìãÄÉêW=â=
=
=
4.1 Radian and Degree Measures of Angles
=
362. ?
QR
D
NT
RT
NUM
ê~Ç
N °
≈
π
°
= =
=
363. ê~Ç
MNTQRP
K
M
ê~Ç
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N ≈
π
=
° =
=
364. ê~Ç
MMMOVN
K
M
ê~Ç
SM
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N ≈
⋅
π
= =
=
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⋅
π
= =
=
366. =
=
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S
π
=
Q
π
=
P
π
=
O
π
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O
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O =
=
=
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4.2  Definitions and Graphs of Trigonometric
Functions
=
= =
=
Figure 58.
=
367.
ê
ó
ëáå =
α =
=
368.
ê
ñ
Åçë =
α =
=
369.
ñ
ó
í~å =
α =
=
370.
ó
ñ
Åçí =
α =
=
 


	92. CHAPTER 4. TRIGONOMETRY
82
371.
ñ
ê
ëÉÅ  =
α =
=
372.
ó
ê
ÅçëÉÅ =
α =
=
373. páåÉ=cìåÅíáçå=
ñ
ëáå
ó = I= N
ñ
ëáå
N ≤
≤
− K=
=
=
Figure 59.
=
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ñ
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≤
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Figure  60.
=
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=
Figure 61.
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376.  `çí~åÖÉåí=cìåÅíáçå==
ñ
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=
Figure 62.
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Figure  63.
=
378. `çëÉÅ~åí=cìåÅíáçå==
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=
Figure 64.
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4.3.  Signs of Trigonometric Functions
379. =
=
nì~Çê~åí=
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`çë
α =
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fff= = = H= H= = =
fs= = H= = = H= =
=
=
=
380. =
=
=
Figure 65.
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4.4  Trigonometric Functions of Common
Angles
381. =
°
α = ê~Ç
α = α
ëáå = α
Åçë = α
í~å = α
Åçí α
ëÉÅ = α
ÅçëÉÅ =
M= M= M= N= M= ∞= N= ∞=
PM=
S
π
=
O
N
=
O
P
=
P
N
= P =
P
O
= O=
QR=
Q
π
=
O
O
=
O
O
= N= N= O = O =
SM=
P
π
=
O
P
=
O
N
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P
N
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P
O
=
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O
π
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P
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=
O
P
=
O
N
− = P
− =
P
N
− O
− =
P
O
=
NUM= π= M= N
− = M= ∞ = N
− = ∞ =
OTM=
O
Pπ
= N
− = M= ∞= M= ∞= N
− =
PSM= π
O = M= N= M= ∞ = N= ∞ =
=
=
=
=
=
=
=
=
=
=
=
=
=
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382.  =
°
α = ê~Ç
α = α
ëáå = α
Åçë = α
í~å = α
Åçí =
NR=
NO
π
=
Q
O
S −
=
Q
O
S +
= P
O− = P
O+ =
NU=
NM
π
=
Q
N
R −
=
Q
R
O
NM +
R
R
O
R−
= R
O
R+ =
PS=
R
π
=
Q
R
O
NM −
Q
N
R +
=
N
R
R
O
NM
+
−
R
O
NM
N
R
−
+
=
RQ=
NM
Pπ
=
Q
N
R +
=
Q
R
O
NM −
R
O
NM
N
R
−
+
N
R
R
O
NM
+
−
=
TO=
R
Oπ
=
Q
R
O
NM +
Q
N
R −
= R
O
R+ = R
R
O
R−
=
TR=
NO
Rπ
=
Q
O
S +
=
Q
O
S −
= P
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=
=
=
4.5 Most Important Formulas
=
383. N
Åçë
ëáå O
O
=
α
+
α =
=
384. N
í~å
ëÉÅ O
O
=
α
−
α =
=
385. N
Åçí
ÅëÅ O
O
=
α
−
α =
=
386.
α
α
=
α
Åçë
ëáå
í~å =
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387.
α
α
=
α
ëáå
Åçë
Åçí  =
=
388. N
Åçí
í~å =
α
⋅
α =
=
389.
α
=
α
Åçë
N
ëÉÅ =
=
390.
α
=
α
ëáå
N
ÅçëÉÅ =
=
=
=
4.6 Reduction Formulas
=
391. =
=
β = β
ëáå = β
Åçë = β
í~å = β
Åçí =
α
− = α
− ëáå = α
+ Åçë = α
− í~å = α
− Åçí =
α
−
°
VM = α
+ Åçë = α
+ ëáå = α
+ Åçí = α
+ í~å =
α
+
°
VM = α
+ Åçë = α
− ëáå = α
− Åçí = α
− í~å =
α
−
°
NUM α
+ ëáå = α
− Åçë = α
− í~å = α
− Åçí =
α
+
°
NUM α
− ëáå = α
− Åçë = α
+ í~å = α
+ Åçí =
α
−
°
OTM α
− Åçë = α
− ëáå = α
+ Åçí = α
+ í~å =
α
+
°
OTM α
− Åçë = α
+ ëáå = α
− Åçí = α
− í~å =
α
−
°
PSM α
− ëáå = α
+ Åçë = α
− í~å = α
− Åçí =
α
+
°
PSM α
+ ëáå = α
+ Åçë = α
+ í~å = α
+ Åçí =
=
=
=
=
=
=
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4.7  Periodicity of Trigonometric Functions
=
392. ( ) α
=
π
±
α ëáå
å
O
ëáå I=éÉêáçÇ= π
O =çê= °
PSM K=
=
393. ( ) α
=
π
±
α Åçë
å
O
Åçë I=éÉêáçÇ= π
O =çê= °
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=
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=
π
±
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å
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=
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=
π
±
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å
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=
=
=
4.8 Relations between Trigonometric
Functions
=
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Q
O
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O
O
Åçë
N
O
N
Åçë
N
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O
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−
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α
−
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=
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O
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N
O
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O
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+
α
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=
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O
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O
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O
N
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N
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O
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O
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−
α
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α
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O
ëáå
O
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N
O
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N
O
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N
ëÉÅ
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í~å O
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=
O
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N
O
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O
O
Åçë
N
O
Åçë
N
O  α
+
α
=
α
+
α
−
±
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=
399.
α
−
α
=
α
α
+
=
−
α
±
=
α
α
=
α
O
Åçë
N
O
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O
ëáå
O
Åçë
N
N
ÅëÅ
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Åçë
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=
=
O
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O
O
í~å
N
O
Åçë
N
O
Åçë
N
O
α
α
−
=
α
−
α
+
±
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=
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O
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N
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N
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N
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α
−
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=
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O
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N
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N
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α
α
+
=
α
+
±
=
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=
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=
=
4.9 Addition and Subtraction Formulas
=
402. ( ) α
β
+
β
α
=
β
+
α Åçë
ëáå
Åçë
ëáå
ëáå =
=
403. ( ) α
β
−
β
α
=
−
α Åçë
ëáå
Åçë
ëáå
ó
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=
404. ( ) β
α
−
β
α
=
β
+
α ëáå
ëáå
Åçë
Åçë
Åçë =
=
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α
+
β
α
=
β
−
α ëáå
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406.  ( )
β
α
−
β
+
α
=
β
+
α
í~å
í~å
N
í~å
í~å
í~å =
=
407. ( )
β
α
+
β
−
α
=
β
−
α
í~å
í~å
N
í~å
í~å
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=
408. ( )
β
+
α
β
α
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=
β
+
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β
−
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β
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=
4.10 Double Angle Formulas
=
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4.11  Multiple Angle Formulas
=
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P
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R
R
ëáå =
=
417. α
⋅
α
−
α
=
α
−
α
=
α O
P
P
ëáå
Åçë
P
Åçë
Åçë
P
Åçë
Q
P
Åçë =
=
418. N
Åçë
U
Åçë
U
Q
Åçë O
Q
+
α
−
α
=
α =
=
419. α
+
α
−
α
=
α Åçë
R
Åçë
OM
Åçë
NS
R
Åçë P
R
=
=
420.
α
−
α
−
α
=
α O
P
í~å
P
N
í~å
í~å
P
P
í~å =
=
421.
α
+
α
−
α
−
α
=
α Q
O
P
í~å
í~å
S
N
í~å
Q
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Q
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+
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−
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R
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R
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P
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P
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P
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−
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α
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α
+
α
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α
+
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N
R
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4.12 Half Angle Formulas
=
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O
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α
−
±
=
α
=
=
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O
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+
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=
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N
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N
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=
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+
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=
α
α
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=
α
−
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N
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N
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N
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4.13 Half Angle Tangent Identities
=
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O
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431.
O
í~å
N
O
í~å
N
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O
O
α
+
α
−
=
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=
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O
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N
O
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O
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α
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=
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O
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O
O
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N
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O
α
α
−
=
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=
=
4.14 Transforming of Trigonometric
Expressions to Product
=
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O
Åçë
O
ëáå
O
ëáå
ëáå
β
−
α
β
+
α
=
β
+
α =
=
435.
O
ëáå
O
Åçë
O
ëáå
ëáå
β
−
α
β
+
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=
β
−
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O
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O
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O
Åçë
Åçë
β
−
α
β
+
α
=
β
+
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=
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O
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O
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O
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β
−
α
β
+
α
−
=
β
−
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438.
(  )
β
⋅
α
β
+
α
=
β
+
α
Åçë
Åçë
ëáå
í~å
í~å =
=
439.
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β
⋅
α
β
−
α
=
β
−
α
Åçë
Åçë
ëáå
í~å
í~å =
=
440.
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β
⋅
α
α
+
β
=
β
+
α
ëáå
ëáå
ëáå
Åçí
Åçí =
=
441.
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β
⋅
α
α
−
β
=
β
−
α
ëáå
ëáå
ëáå
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=
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α
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−
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α
+
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Q
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Q
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O
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443. 





α
+
π
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α
−
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=
α
−
α
Q
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O
Q
ëáå
O
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α
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α
β
+
α
−
=
β
−
α
ëáå
Åçë
Åçë
Åçí
í~å =
=
446.
O
Åçë
O
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O
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448.  




 α
−
π
=
α
+
O
Q
Åçë
O
ëáå
N O
=
=
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−
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=
α
−
O
Q
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O
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=
=
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4.15 Transforming of Trigonometric
Expressions to Sum
=
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O
Åçë
Åçë
ëáå
ëáå
β
+
α
−
β
−
α
=
β
⋅
α =
=
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O
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Åçë
Åçë
Åçë
β
+
α
+
β
−
α
=
β
⋅
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=
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O
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Åçë
ëáå
β
+
α
+
β
−
α
=
β
⋅
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=
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β
+
α
β
+
α
=
β
⋅
α
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Åçí
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=
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β
+
α
β
+
α
=
β
⋅
α
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í~å
Åçí
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=
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β
+
α
β
+
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β
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α
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=
=
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4.16  Powers of Trigonometric Functions
=
456.
O
O
Åçë
N
ëáåO α
−
=
α =
=
457.
Q
P
ëáå
ëáå
P
ëáåP α
−
α
=
α =
=
458.
U
P
O
Åçë
Q
Q
Åçë
ëáåQ +
α
−
α
=
α =
=
459.
NS
R
ëáå
P
ëáå
R
ëáå
NM
ëáåR α
+
α
−
α
=
α =
=
460.
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S
Åçë
Q
Åçë
S
O
Åçë
NR
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−
α
+
α
−
=
α =
=
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O
O
Åçë
N
ÅçëO α
+
=
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=
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Q
P
Åçë
Åçë
P
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+
α
=
α =
=
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U
P
O
Åçë
Q
Q
Åçë
ÅçëQ +
α
+
α
=
α =
=
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R
Åçë
P
ëáå
R
Åçë
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+
α
+
α
=
α =
=
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S
Åçë
Q
Åçë
S
O
Åçë
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NM
ÅçëS α
+
α
+
α
+
=
α =
=
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4.17  Graphs of Inverse Trigonometric
Functions
=
466. fåîÉêëÉ=páåÉ=cìåÅíáçå==
ñ
~êÅëáå
ó = I= N
ñ
N ≤
≤
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O
ñ
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O
π
≤
≤
π
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=
=
=
Figure 66.
=
467. fåîÉêëÉ=`çëáåÉ=cìåÅíáçå==
ñ
~êÅÅçë
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ñ
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≤
− I= π
≤
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~êÅÅçë
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=
Figure  67.
=
468. fåîÉêëÉ=q~åÖÉåí=cìåÅíáçå==
ñ
~êÅí~å
ó = I= ∞
≤
≤
∞
− ñ I=
O
ñ
~êÅí~å
O
π
<
<
π
− K=
=
===== =
=
Figure 68.
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469.  fåîÉêëÉ=`çí~åÖÉåí=cìåÅíáçå==
ñ
Åçí
~êÅ
ó = I= ∞
≤
≤
∞
− ñ I= π
<
< ñ
Åçí
~êÅ
M K=
===== =
Figure 69.
=
470. fåîÉêëÉ=pÉÅ~åí=cìåÅíáçå==
( ] [ ) K
I
O
O
I
M
ñ
ëÉÅ
~êÅ
I
I
N
N
I
ñ
I
ñ
=
~êÅëÉÅ
ó 





π
π
∪





 π
∈
∞
∪
−
∞
−
∈
=
=
Figure 70.
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471.  fåîÉêëÉ=`çëÉÅ~åí=cìåÅíáçå==
( ] [ ) K
O
I
M
M
I
O
ñ
ÅëÅ
~êÅ
I
I
N
N
I
ñ
I
ñ
~êÅÅëÅ
ó 




 π
∪





 π
−
∈
∞
∪
−
∞
−
∈
=
=
=
Figure 71.
=
=
4.18 Principal Values of Inverse
Trigonometric Functions
472.
ñ = M=
O
N
=
O
O
=
O
P
N=
ñ
~êÅëáå = °
M = °
PM = °
QR = °
SM °
VM
ñ
~êÅÅçë = °
VM °
SM = °
QR = °
PM °
M =
ñ = O
N
−
O
O
−
O
P
− N
− = =
ñ
~êÅëáå =
°
−PM
=
°
− QR °
− SM
°
− VM
=
=
ñ
~êÅÅçë =
°
NOM
=
°
NPR = °
NRM =
°
NUM
=
=
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473.
ñ  = M=
P
P
N= P =
P
P
− N
− = P
− =
ñ
~êÅí~å = °
M = °
PM °
QR °
SM °
−PM
°
− QR
=
°
− SM =
ñ
Åçí
~êÅ = °
VM °
SM °
QR °
PM °
NOM =
°
NPR
=
°
NRM =
=
=
=
4.19 Relations between Inverse
Trigonometric Functions
=
474. ( ) ñ
~êÅëáå
ñ
~êÅëáå −
=
− =
=
475. ñ
~êÅÅçë
O
ñ
~êÅëáå −
π
= =
=
476. O
ñ
N
~êÅÅçë
ñ
~êÅëáå −
= I= N
ñ
M ≤
≤ K=
=
477. O
ñ
N
~êÅÅçë
ñ
~êÅëáå −
−
= I= M
ñ
N ≤
≤
− K=
=
478.
O
ñ
N
ñ
~êÅí~å
ñ
~êÅëáå
−
= I= N
ñO
< K=
=
479.
ñ
ñ
N
Åçí
~êÅ
ñ
~êÅëáå
O
−
= I= N
ñ
M ≤
< K=
=
480. π
−
−
=
ñ
ñ
N
Åçí
~êÅ
ñ
~êÅëáå
O
I= M
ñ
N <
≤
− K=
=
481. ( ) ñ
~êÅÅçë
ñ
~êÅÅçë −
π
=
− =
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482.  ñ
~êÅëáå
O
ñ
~êÅÅçë −
π
= =
=
483. O
ñ
N
~êÅëáå
ñ
~êÅÅçë −
= I= N
ñ
M ≤
≤ K=
=
484. O
ñ
N
~êÅëáå
ñ
~êÅÅçë −
−
π
= I= M
ñ
N ≤
≤
− K=
=
485.
ñ
ñ
N
~êÅí~å
ñ
~êÅÅçë
O
−
= I= N
ñ
M ≤
< K=
=
486.
ñ
ñ
N
~êÅí~å
ñ
~êÅÅçë
O
−
+
π
= I= M
ñ
N <
≤
− K=
=
487.
O
ñ
N
ñ
Åçí
~êÅ
ñ
~êÅÅçë
−
= I= N
ñ
N ≤
≤
− K=
=
488. ( ) ñ
~êÅí~å
ñ
~êÅí~å −
=
− =
=
489. ñ
Åçí
~êÅ
O
ñ
~êÅí~å −
π
= =
=
490.
O
ñ
N
ñ
~êÅëáå
ñ
~êÅí~å
+
= =
=
491.
O
ñ
N
N
~êÅÅçë
ñ
~êÅí~å
+
= I= M
ñ ≥ K=
=
492.
O
ñ
N
N
~êÅÅçë
ñ
~êÅí~å
+
−
= I= M
ñ ≤ K=
=
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493.
ñ
N
~êÅí~å
O
ñ
~êÅí~å  −
π
= I= M
ñ > K=
=
494.
ñ
N
~êÅí~å
O
ñ
~êÅí~å −
π
−
= I= M
ñ < K=
=
495.
ñ
N
Åçí
~êÅ
ñ
~êÅí~å = I= M
ñ > K=
=
496. π
−
=
ñ
N
Åçí
~êÅ
ñ
~êÅí~å I= M
ñ < K=
=
497. ( ) ñ
Åçí
~êÅ
ñ
Åçí
~êÅ −
π
=
− =
=
498. ñ
~êÅí~å
O
ñ
Åçí
~êÅ −
π
= =
=
499.
O
ñ
N
N
~êÅëáå
ñ
Åçí
~êÅ
+
= I= M
ñ > K=
=
500.
O
ñ
N
N
~êÅëáå
ñ
Åçí
~êÅ
+
−
π
= I= M
ñ < K=
=
501.
O
ñ
N
ñ
~êÅÅçë
ñ
Åçí
~êÅ
+
= =
=
502.
ñ
N
~êÅí~å
ñ
Åçí
~êÅ = I= M
ñ > K=
=
503.
ñ
N
~êÅí~å
ñ
Åçí
~êÅ +
π
= I= M
ñ < K=
=
=
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4.20  Trigonometric Equations
=
tÜçäÉ=åìãÄÉêW=å=
=
=
504. ~
ñ
ëáå = I= ( ) å
~
~êÅëáå
N
ñ
å
π
+
−
= =
=
505. ~
ñ
Åçë = I= å
O
~
~êÅÅçë
ñ π
+
±
= =
=
506. ~
ñ
í~å = I= å
~
~êÅí~å
ñ π
+
= =
=
507. ~
ñ
Åçí = I= å
~
Åçí
~êÅ
ñ π
+
= =
=
=
=
4.21 Relations to Hyperbolic Functions
=
fã~Öáå~êó=ìåáíW=á=
=
=
508. ( ) ñ
ëáåÜ
á
áñ
ëáå = =
=
509. ( ) ñ
í~åÜ
á
áñ
í~å = =
=
510. ( ) ñ
ÅçíÜ
á
áñ
Åçí −
= =
=
511. ( ) ñ
ëÉÅÜ
áñ
ëÉÅ = =
=
512. ( ) ñ
ÅëÅÜ
á
áñ
ÅëÅ −
= =
=
=
=
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Chapter 5
Matrices and  Determinants
=
=
=
=
j~íêáÅÉëW=^I=_I=`=
bäÉãÉåíë=çÑ=~=ã~íêáñW= á
~ I= á
Ä I= áà
~ I= áà
Ä I= áà
Å =
aÉíÉêãáå~åí=çÑ=~=ã~íêáñW= ^
ÇÉí =
jáåçê=çÑ=~å=ÉäÉãÉåí= áà
~ W= áà
j =
`çÑ~Åíçê=çÑ=~å=ÉäÉãÉåí= áà
~ W= áà
` =
qê~åëéçëÉ=çÑ=~=ã~íêáñW= q
^ I= ^
ú
=
^Çàçáåí=çÑ=~=ã~íêáñW= ^
~Çà =
qê~ÅÉ=çÑ=~=ã~íêáñW= ^
íê =
fåîÉêëÉ=çÑ=~=ã~íêáñW= N
^−
=
oÉ~ä=åìãÄÉêW=â=
oÉ~ä=î~êá~ÄäÉëW= á
ñ =
k~íìê~ä=åìãÄÉêëW=ãI=å===
=
=
5.1 Determinants
=
513. pÉÅçåÇ=lêÇÉê=aÉíÉêãáå~åí=
N
O
O
N
O
O
N
N
Ä
~
Ä
~
Ä
~
Ä
~
^
ÇÉí −
=
= =
=
=
=
=
=
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514. qÜáêÇ=lêÇÉê=aÉíÉêãáå~åí=
−
+
+
=
= PO
ON
NP
PN
OP
NO
PP
OO
NN
PP
PO
PN
OP
OO
ON
NP
NO
NN
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
^
ÇÉí =
PN
OO
NP
PP
ON
NO
PO
OP
NN ~
~
~
~
~
~
~
~
~ −
−
− =
=
515. p~êêìë=oìäÉ=E^êêçï=oìäÉF=
=
=
Figure 72.
=
516. k-íÜ=lêÇÉê=aÉíÉêãáå~åí=
åå
åà
O
å
N
å
áå
áà
O
á
N
á
å
O
à
O
OO
ON
å
N
à
N
NO
NN
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
^
ÇÉí
K
K
K
K
K
K
K
K
K
K
K
K
K
K
K
K
K
K
K
K
= =
=
517. jáåçê=
qÜÉ=ãáåçê= áà
j =~ëëçÅá~íÉÇ=ïáíÜ=íÜÉ=ÉäÉãÉåí= áà
~ =çÑ=å-íÜ=çêÇÉê=
ã~íêáñ=^=áë=íÜÉ= ( )
N
å − -íÜ=çêÇÉê=ÇÉíÉêãáå~åí=ÇÉêáîÉÇ=Ñêçã=
íÜÉ=ã~íêáñ=^=Äó=ÇÉäÉíáçå=çÑ=áíë=á-íÜ=êçï=~åÇ=à-íÜ=ÅçäìãåK===
=
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518. `çÑ~Åíçê=
( ) áà
à
á
áà j
N
`
+
−
= =
=
519. i~éä~ÅÉ=bñé~åëáçå=çÑ=å-íÜ=lêÇÉê=aÉíÉêãáå~åí=
i~éä~ÅÉ=Éñé~åëáçå=Äó=ÉäÉãÉåíë=çÑ=íÜÉ=á-íÜ=êçï=
∑
=
=
å
N
à
áà
áà`
~
^
ÇÉí I= å
I
I
O
I
N
á K
= K=
i~éä~ÅÉ=Éñé~åëáçå=Äó=ÉäÉãÉåíë=çÑ=íÜÉ=à-íÜ=Åçäìãå=
∑
=
=
å
N
á
áà
áà`
~
^
ÇÉí I= å
I
I
O
I
N
à K
= K==
=
=
=
5.2 Properties of Determinants
=
520. qÜÉ==î~äìÉ==çÑ=~=ÇÉíÉêãáå~åí=êÉã~áåë==ìåÅÜ~åÖÉÇ=áÑ=êçïë=~êÉ=
ÅÜ~åÖÉÇ=íç=Åçäìãåë=~åÇ=Åçäìãåë=íç=êçïëK=
=
O
O
N
N
O
N
O
N
Ä
~
Ä
~
Ä
Ä
~
~
= ==
=
521. fÑ=íïç==êçïë==Eçê=íïç=ÅçäìãåëF=~êÉ==áåíÉêÅÜ~åÖÉÇI=íÜÉ=ëáÖå=çÑ=
íÜÉ=ÇÉíÉêãáå~åí=áë=ÅÜ~åÖÉÇK=
N
N
O
O
O
O
N
N
Ä
~
Ä
~
Ä
~
Ä
~
−
= =
=
522. fÑ=íïç=êçïë==Eçê=íïç=ÅçäìãåëF=~êÉ==áÇÉåíáÅ~äI=íÜÉ=î~äìÉ=çÑ=íÜÉ=
ÇÉíÉêãáå~åí=áë=òÉêçK=
M
~
~
~
~
O
O
N
N
= =
=
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523. fÑ==íÜÉ===ÉäÉãÉåíë==çÑ==~åó=êçï==Eçê=ÅçäìãåF=~êÉ=ãìäíáéäáÉÇ=Äó=====
~==Åçããçå==Ñ~ÅíçêI==íÜÉ==ÇÉíÉêãáå~åí==áë==ãìäíáéäáÉÇ==Äó==íÜ~í=
Ñ~ÅíçêK=
O
O
N
N
O
O
N
N
Ä
~
Ä
~
â
Ä
~
âÄ
â~
= =
=
524. fÑ==íÜÉ==ÉäÉãÉåíë==çÑ==~åó==êçï==Eçê==ÅçäìãåF=~êÉ=áåÅêÉ~ëÉÇ=Eçê=
ÇÉÅêÉ~ëÉÇFÄó=Éèì~ä=ãìäíáéäÉë=çÑ=íÜÉ=ÅçêêÉëéçåÇáåÖ=ÉäÉãÉåíë=
çÑ=~åó=çíÜÉê=êçï==Eçê=ÅçäìãåFI==íÜÉ=î~äìÉ=çÑ=íÜÉ=ÇÉíÉêãáå~åí=
áë=ìåÅÜ~åÖÉÇK=
O
O
N
N
O
O
O
N
N
N
Ä
~
Ä
~
Ä
âÄ
~
Ä
âÄ
~
=
+
+
=
=
=
=
5.3 Matrices
=
525. aÉÑáåáíáçå=
^å= å
ã× =ã~íêáñ=^=áë=~=êÉÅí~åÖìä~ê=~êê~ó=çÑ=ÉäÉãÉåíë=Eåìã-
ÄÉêë=çê=ÑìåÅíáçåëF=ïáíÜ=ã=êçïë=~åÇ=å=ÅçäìãåëK==
[ ]












=
=
ãå
O
ã
N
ã
å
O
OO
ON
å
N
NO
NN
áà
~
~
~
~
~
~
~
~
~
~
^
K
M
M
M
K
K
==
=
526. pèì~êÉ=ã~íêáñ=áë=~=ã~íêáñ=çÑ=çêÇÉê= å
å× K==
=
527. ^=ëèì~êÉ=ã~íêáñ==[ ]
áà
~ ==áë==ëóããÉíêáÅ==áÑ== àá
áà ~
~ = I==áKÉK==áí==áë=
ëóããÉíêáÅ=~Äçìí=íÜÉ=äÉ~ÇáåÖ=Çá~Öçå~äK==
=
528. ^=ëèì~êÉ=ã~íêáñ=[ ]
áà
~ =áë=ëâÉï-ëóããÉíêáÅ=áÑ= àá
áà ~
~ −
= K==
=
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529. aá~Öçå~ä=ã~íêáñ==áë==~=ëèì~êÉ==ã~íêáñ=ïáíÜ=~ää==ÉäÉãÉåíë==òÉêç=
ÉñÅÉéí=íÜçëÉ=çå=íÜÉ=äÉ~ÇáåÖ=Çá~Öçå~äK==
=
530. råáí=ã~íêáñ==áë==~=Çá~Öçå~ä==ã~íêáñ==áå=ïÜáÅÜ=íÜÉ=ÉäÉãÉåíë=çå=
íÜÉ=äÉ~ÇáåÖ=Çá~Öçå~ä=~êÉ=~ää=ìåáíóK=qÜÉ=ìåáí=ã~íêáñ=áë===========
ÇÉåçíÉÇ=Äó=fK==
=
531. ^=åìää=ã~íêáñ=áë=çåÉ=ïÜçëÉ=ÉäÉãÉåíë=~êÉ=~ää=òÉêçK=
=
=
=
5.4 Operations with Matrices
=
532. qïç=ã~íêáÅÉë=^=~åÇ=_=~êÉ=Éèì~ä=áÑI=~åÇ=çåäó=áÑI=íÜÉó=~êÉ=ÄçíÜ=
çÑ==íÜÉ==ë~ãÉ==ëÜ~éÉ== å
ã× ==~åÇ=ÅçêêÉëéçåÇáåÖ=ÉäÉãÉåíë=~êÉ=
Éèì~äK=
=
533. qïç=ã~íêáÅÉë==^=~åÇ=_==Å~å=ÄÉ=~ÇÇÉÇ=Eçê=ëìÄíê~ÅíÉÇF=çÑI=~åÇ=
çåäó=áÑI=íÜÉó=Ü~îÉ=íÜÉ=ë~ãÉ=ëÜ~éÉ= å
ã× K=fÑ==
[ ]












=
=
ãå
O
ã
N
ã
å
O
OO
ON
å
N
NO
NN
áà
~
~
~
~
~
~
~
~
~
~
^
K
M
M
M
K
K
I==
[ ]












=
=
ãå
O
ã
N
ã
å
O
OO
ON
å
N
NO
NN
áà
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
_
K
M
M
M
K
K
I==
=
=
=
=
=
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íÜÉå==












+
+
+
+
+
+
+
+
+
=
+
ãå
ãå
O
ã
O
ã
N
ã
N
ã
å
O
å
O
OO
OO
ON
ON
å
N
å
N
NO
NO
NN
NN
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
_
^
K
M
M
M
K
K
K=
=
534. fÑ=â=áë=~=ëÅ~ä~êI=~åÇ= [ ]
áà
~
^ = =áë=~=ã~íêáñI=íÜÉå=
[ ]












=
=
ãå
O
ã
N
ã
å
O
OO
ON
å
N
NO
NN
áà
â~
â~
â~
â~
â~
â~
â~
â~
â~
â~
â^
K
M
M
M
K
K
K=
=
535. jìäíáéäáÅ~íáçå=çÑ=qïç=j~íêáÅÉë=
qïç= ã~íêáÅÉë= Å~å= ÄÉ= ãìäíáéäáÉÇ= íçÖÉíÜÉê= çåäó= ïÜÉå= íÜÉ=
åìãÄÉê=çÑ=Åçäìãåë=áå=íÜÉ=Ñáêëí=áë=Éèì~ä=íç=íÜÉ=åìãÄÉê=çÑ=
êçïë=áå=íÜÉ=ëÉÅçåÇK==
=
fÑ=
[ ]












=
=
ãå
O
ã
N
ã
å
O
OO
ON
å
N
NO
NN
áà
~
~
~
~
~
~
~
~
~
~
^
K
M
M
M
K
K
I==
[ ]












=
=
åâ
O
å
N
å
â
O
OO
ON
â
N
NO
NN
áà
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
_
K
M
M
M
K
K
I=
=
=
=
=
=
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íÜÉå==












=
=
ãâ
O
ã
N
ã
â
O
OO
ON
â
N
NO
NN
Å
Å
Ä
Å
Å
Å
Å
Å
Å
`
^_
K
M
M
M
K
K
I==
ïÜÉêÉ==
∑
=
λ
λ
λ
=
+
+
+
=
å
N
à
á
åà
áå
à
O
O
á
à
N
N
á
áà Ä
~
Ä
~
Ä
~
Ä
~
Å K =
E ã
I
I
O
I
N
á K
= X â
I
I
O
I
N
à K
= FK==
=
qÜìë=áÑ=
[ ] 





=
=
OP
OO
ON
NP
NO
NN
áà
~
~
~
~
~
~
~
^ I= [ ]










=
=
P
O
N
á
Ä
Ä
Ä
Ä
_ I==
íÜÉå==






=










⋅






=
P
OP
O
OO
N
ON
P
NP
O
NO
N
NN
P
O
N
OP
OO
ON
NP
NO
NN
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
Ä
~
Ä
Ä
Ä
~
~
~
~
~
~
^_ K==
=
536. qê~åëéçëÉ=çÑ=~=j~íêáñ=
fÑ=íÜÉ=êçïë=~åÇ=Åçäìãåë=çÑ=~=ã~íêáñ=~êÉ=áåíÉêÅÜ~åÖÉÇI=íÜÉå=
íÜÉ=åÉï=ã~íêáñ=áë=Å~ääÉÇ=íÜÉ=íê~åëéçëÉ=çÑ=íÜÉ=çêáÖáå~ä=ã~íêáñK===
fÑ=^=áë=íÜÉ=çêáÖáå~ä=ã~íêáñI=áíë=íê~åëéçëÉ=áë=ÇÉåçíÉÇ= q
^ =çê=
^
ú
K==
=
537. qÜÉ=ã~íêáñ=^=áë=çêíÜçÖçå~ä=áÑ= f
^^q
= K==
=
538. fÑ=íÜÉ=ã~íêáñ=éêçÇìÅí=^_=áë=ÇÉÑáåÉÇI=íÜÉå==
( ) q
q
q
^
_
^_ = K=
=
=
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539. ^Çàçáåí=çÑ=j~íêáñ=
fÑ=^=áë=~=ëèì~êÉ= å
å× ã~íêáñI=áíë=~ÇàçáåíI=ÇÉåçíÉÇ=Äó= ^
~Çà I=
áë=íÜÉ=íê~åëéçëÉ=çÑ=íÜÉ=ã~íêáñ=çÑ=ÅçÑ~Åíçêë= áà
` =çÑ=^W=
[ ]q
áà
`
^
~Çà = K==
=
540. qê~ÅÉ=çÑ=~=j~íêáñ=
fÑ=^=áë=~=ëèì~êÉ= å
å× ã~íêáñI=áíë=íê~ÅÉI=ÇÉåçíÉÇ=Äó= ^
íê I=áë=
ÇÉÑáåÉÇ=íç=ÄÉ==íÜÉ=ëìã=çÑ==íÜÉ=íÉêãë=çå=íÜÉ=äÉ~ÇáåÖ=Çá~Öçå~äW=
åå
OO
NN ~
~
~
^
íê +
+
+
= K K=
=
541. fåîÉêëÉ=çÑ=~=j~íêáñ=
fÑ=^=áë=~=ëèì~êÉ= å
å× ã~íêáñ=ïáíÜ=~=åçåëáåÖìä~ê=ÇÉíÉêãáå~åí=
^
ÇÉí I=íÜÉå=áíë=áåîÉêëÉ= N
^−
=áë=ÖáîÉå=Äó=
^
ÇÉí
^
~Çà
^ N
=
−
K=
=
542. fÑ=íÜÉ=ã~íêáñ=éêçÇìÅí=^_=áë=ÇÉÑáåÉÇI=íÜÉå==
( ) N
N
N
^
_
^_ −
−
−
= K=
=
543. fÑ==^==áë=~=ëèì~êÉ=== å
å× ==ã~íêáñI==íÜÉ==ÉáÖÉåîÉÅíçêë==u===ë~íáëÑó=
íÜÉ=Éèì~íáçå=
u
^u λ
= I==
ïÜáäÉ=íÜÉ=ÉáÖÉåî~äìÉë=λ =ë~íáëÑó=íÜÉ=ÅÜ~ê~ÅíÉêáëíáÅ=Éèì~íáçå=
M
f
^ =
λ
− K===
=
=
=
5.5 Systems of Linear Equations
=
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Chapter 6
Vectors
=
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Figure 73.
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Figure 74.
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Figure 75.
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Figure 77.
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Figure 78.
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6.3  Vector Subtraction
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6.4 Scaling Vectors
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Figure  81.
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Figure 82.
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6.6 Vector Product
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Figure 83.
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6.7 Triple Product
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Figure 84.
=
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Chapter 7
Analytic Geometry
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=
7.1  One-Dimensional Coordinate System
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Figure 86.
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Figure 87.
 


	141. CHAPTER 7. ANALYTIC  GEOMETRY
131
609. jáÇéçáåí=çÑ=~=iáåÉ=pÉÖãÉåí=
O
ñ
ñ
ñ O
N
M
+
= I= N
=
λ K=
=
=
=
7.2 Two-Dimensional Coordinate System
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Figure 88.
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Figure 89.
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Figure 90.
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Figure 91.
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Figure 92.
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Figure 120.
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7.8 Three-Dimensional Coordinate System
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