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Cosmological particle creation  in Weyl geometry
V A Berezin and V I Dokuchaev
Institute for Nuclear Research of the Russian Academy of Sciences,
60th October Anniversary Prospect 7a, 117312 Moscow, Russia
E-mail: berezin@inr.ac.ru, dokuchaev@inr.ac.ru
Abstract. In the present paper we investigated the possibility of the homogeneous
and isotropic cosmological solution in Weyl geometry, which differs from the
Riemannian geometry by adding the so called Weyl vector. The Weyl gravity
is obtained by constructing the gravitational Lagrangian both to be quadratic in
curvature and conformal invariant. It is found that such solution may exist provided
there exists the direct interaction between the Weyl vector and the matter fields.
Assuming the matter Lagrangian is that of the perfect fluid, we found how such an
interaction can be implemented. Due to the existence of the quadratic curvature terms
and the direct interaction the perfect fluid particles may be created straight from the
vacuum, and we found the expression for the rate of their production which appeared
to be conformal invariant. In the case of creating the universe “from nothing” in
the vacuum state, we investigated the problem, whether this vacuum may persist or
not. It is shown that the vacuum may persist with respect to producing the non-
dust matter (with positive pressure), but cannot resist to producing the dust particles.
These particles, being non-interactive, may be considered as the candidates for the
dark matter.
Keywords: gravitation, Weyl geometry, General Relativity, quadratic gravity, cosmology
1. Introduction
The local conformal invariance seems to be a good candidate to become the fundamental
symmetry of the Nature. It looks very plausible if one suppose that the universe was
created “from nothing”[1].
Nowadays this idea is advocated, among others, by Roger Penrose[2] and Gerard
’tHooft[3]. But the first claim was made by Hermann Weyl[4] a little bit more than
one hundred years ago. He tried to construct the unified theory of gravitational and
electromagnetic interactions in a pure geometrical way. In order to achieve such a
goal, he invented the new geometry, which we call now the Weyl geometry. It differs
from the Riemannian geometry by adding to the metric tensor some vector (1-forms).
Hermann Weyl discovered that in order the whole theory to become invariant under
the local conformal transformation of the metric tensor, this new (Weyl) vector has to
undergo the specific gauge transformation, that is why he decided to consider it as the
electromagnetic vector. It is well known that Albert Einstein criticized such a theory
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(second clock problem and all that) and it was abandoned. But, if one considers the
Weyl vector as just the part of the geometry (with no link to the electromagnetism),
then the Weyl gravity remains the beautiful example of the non-Riemannian conformal
invariant theory.
Our interest in cosmological solution in the Weyl gravity arises from the fact that
the requirement of the local conformal invariance in the Riemannian geometry leads to
the conclusion that all the homogeneous and isotopic space-times are just the vacuum
solutions. The aim of the present paper is to investigate this problem in the framework
of the Weyl geometry.
2. Introduction to Weyl geometry
The differential geometry is completely determined by the metric tensor gµν and
connections Γλ
µν(x), the former provides us with the interval between the nearby points,
ds2
= gµνdxµ
dxν
, (1)
while the latter serves for defining the parallel transfer of vectors and tensors and their
covariant derivatives
∇λlµ
= lµ
,λ + Γµ
λνlν
. . . , (2)
“comma” denotes a partial derivative.
The curvature tensor Rµ
νλσ is constructed solely of Γλ
µν, namely
Rµ
νλσ =
∂Γµ
νσ
∂xλ
−
∂Γµ
νλ
∂xσ
+ Γµ
κλΓκ
νσ − Γµ
κσΓκ
νλ, (3)
as well as its convolution, Ricci tensor Rµν,
Rµν = Rλ
µλν. (4)
The curvature scalar is R = gµν
Rµν.
But, it appears possible to calculate them, if one knows three tensors, the metric
tensor gµν, the torsion Sλ
µν and the nonmetricity Qλµν, where
Sλ
µν = Γλ
µν − Γλ
µν, (5)
Qλµν = ∇λgµν, (6)
namely
Γλ
µν = Cλ
µν + Kλ
µν + Lλ
µν, (7)
where Cλ
µν are Christoffel symbols,
Cλ
µν =
1
2
gλκ
(gκµ,ν + gκν,µ − gµν,κ) (8)
and
Kλ
µν =
1
2
(Sλ
µν − S λ
µ ν − S λ
ν µ), (9)
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Lλ
µν =
1
2
(Qλ
µν − Q λ
µ ν − Q λ
ν µ). (10)
Note, that, using the Christoffel symbols as the connections, we can construct another
covariant derivative, the metric one, different (in general) from ∇µ, which will be denoted
by a semicolon “;”.
The lowering and raising of indices are performed by the metric tensor, gµν, and its
inverse gµν
(gµν
gνλ = δµ
λ), correspondingly.
With such a classification scheme the Riemannian geometry appears the simplest
one. Indeed, in this case Sλ
µν = 0, Qλµν = 0, and the metric tensor describes everything.
Moreover, the curvature tensor Rµνλσ possesses the additional algebraic symmetries (by
definition, it is skew-symmetric in the second pair of indices)
Rµνλσ = Rλσµν = −Rνµλσ = −Rµνσλ, (11)
Rµ
νλσ + Rµ
σνλ + Rµ
λσν = 0, (12)
and obeys the Bianchi identities
Rµ
νλσ;κ + Rµ
νκλ;σ + Rµ
νσκ;λ = 0. (13)
Besides, Ricci tensor is symmetrical,
Rµν = Rνµ. (14)
The Weyl geometry starts to fill the next level. The torsion tensor is still zero,
Sλ
µν = 0 (Γλ
µν = Γλ
νµ), but the nonmetricity is not,
Qλµν = ∇λgµν = Aλgµν, (15)
the 1-form Aλ is called the Weyl vector. Accordingly, the connections are
Γλ
µν = Cλ
µν + Wλ
µν, (16)
Wλ
µν = −
1
2
(Aµδλ
ν + Aνδλ
µ − Aλ
gµν), (17)
where δλ
ν is the Kronecker symbol.
The curvature tensor Rµνλσ, is, of course, skew-symmetric in the second pair of
indices, but some other symmetries are lost. Instead,
Rµνλσ + Rνµλσ = 2Fλσgµν, (18)
Rµνλσ − Rλσµν =
1
2
(Fµσgνλ − Fµλgνσ + Fνλgµσ
− Fνσgµλ + Fµνgλσ − Fλσgµν) . (19)
In spite of this, the cyclic sum remains zero
Rµνλσ + Rµσνλ + Rµλσν = 0. (20)
The Ricci tensor is no more symmetric,
Rνσ − Rσν = Fνσ. (21)
Here Fµν is the strength tensor,
Fµν = ∇µAν − ∇νAµ = Aν;µ − Aµ;ν = Aµ;ν − Aν;µ. (22)
In 1919 Hermann Weyl proposed the unification of the electromagnetic and
gravitational interactions based on such a geometry.
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3. Local conformal transformation and Weyl gravity
Hermann Weyl claimed that the gravitation should be invariant under the local
conformal transformation
ds2
= Ω2
(x)dŝ2
= Ω2
(x)ĝµνdxµ
dxν
, (23)
like the classical electrodynamics. Here Ω(x) is the conformal factor, and we denote by
“hats” the conformally transformed quantities. Note, that the conformal transformation
does not change the coordinates. The Christoffel symbols are transformed, evidently, in
the following way
Cλ
µν = Ĉλ
µν +

Ω,µ
Ω
δλ
ν +
Ω,ν
Ω
δλ
µ −
Ω,κ
Ω
gλκ
gµν

. (24)
H. Weyl noticed that, if the 1-form transforms as
Aµ = Âµ + 2
Ω,µ
Ω
, (25)
it would become the gauge field, like in the electrodynamics. What is more important,
the connections Γλ
µν appears conformal invariant,
Γλ
µν = Γ̂λ
νµ. (26)
From this it follows immediately that
Rµ
νλσ = R̂µ
νλσ, (27)
Rµν = R̂µν. (28)
Trying to incorporate the electrodynamics into the geometry, like the gravitation, and
to construct the gravitational Lagrangian, like the electrodynamics, H.Weyl postulated
the following conformal invariant action integral
SW =
Z
LW
√
−g d4
x, (29)
LW = α1RµνλσRµνλσ
+ α2RµνRµν
+ α3R2
+ α4FµνFµν
. (30)
We will call this “the Weyl gravity”.
The total action integral consists of the gravitational part, SW, and the action for
the matter fields, Sm,
Stot = SW + Sm, Sm =
Z
Lm
√
−g d4
x. (31)
It is important to note, that, while the Weyl action is conformal invariant, the matter
one, Sm, is not necessarily has such a property, but, its variation, δSm, is required to be
conformal invariant.
By definition,
δSm
def
= −
1
2
Z
Tµν
(δgµν)
√
−g d4
x −
Z
Gµ
(δAµ)
√
−g d4
x
+
Z
δLW
δΨ
(δΨ)
√
−g d4
x, (32)
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where Gµ
is some vector that can be called “the Weyl current”, and Ψ is the collective
dynamical variable, describing the matter field, the matter motion being determined by
the Lagrange equation δS/δΨ = 0.
Since
δgµν = 2Ωĝµν(δΩ) = 2gµν
δΩ
Ω
, (33)
δAµ = 2δ

Ω,µ
Ω

= 2δ(log Ω),µ = 2(δ(log Ω)),µ = 2

δΩ
Ω

,µ
, (34)
then,
δS = 0 = −
Z
Tµν
gµν

δΩ
Ω

√
−g d4
x − 2
Z
Gµ

δΩ
Ω

,µ
√
−g d4
x, (35)
and one obtains, after removing the full derivative
2(Gµ
) ;µ = TraceTµν
. (36)
This can be called “the self-consistency condition”. Note, that it contains not the Weyl
covariant derivative, but the metric one. The self-consistency condition must be added
to the field equations, which we will write down later for the homogeneous and isotropic
cosmological space-times.
4. Perfect fluid
In what follows we will consider the perfect fluid as the matter field and choose for its
action integral the following one[5],
Sm = −
Z
ε(X, n)
√
−g d4
x +
Z
λ0(uµuµ
− 1)
√
−g d4
x
+
Z
λ1(nuµ
);µ
√
−g d4
x +
Z
λ2X,µuµ
√
−g d4
x. (37)
The dynamical variables are the particle number density n(x), the four-velocity uµ
(x)
and the auxiliary variable X(x).
The energy density ε provides us with the equation of state p = p(ε), where
p = n
∂ε
∂n
− ε (38)
is the hydrodynamical pressure.
The variations of Sm in Lagrange multipliers λ0, λ1 and λ2 impose constraints, the
four velocity normalization uµ
uµ = 1, the particle number conservation (nuµ
);µ = 0 and
the enumeration of trajectories X,µuµ
= 0, respectively.
The energy momentum tensor equals
Tµν
= (ε + p)uµ
uν
− pgµν
. (39)
Our aim is to study possible modifications of the perfect fluid action integral due
to the transition from the Riemannian to the Weyl geometry. To do this, let us consider
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the behavior of single particle in the given gravitational field. It is very well known that
in the case of Riemannian geometry the only possible choice is
Spart = −m
Z
ds = −m
Z r
gµν(x)
dxµ
dτ
dxν
dτ
dτ, (40)
where m is the rest mass of the particle, τ is its proper time, and the dynamical variable
is the trajectory xµ
(τ). Then, the least action principle δSpart = 0 leads to the geodesic
motion, uµ;νuν
= 0 (uµ
= dxµ
/dτ).
But in the case of the Weyl geometry there exists yet another invariant, B,
B = Aµuµ
, uµ
=
dxµ
dτ
. (41)
The possible structure of the action integral becomes more complicated
Spart =
Z
f1(B)ds+
Z
f2(B)dτ =
Z
{ f1(B)
p
gµνuµuν + f2(B) } dτ, (42)
with some arbitrary functions f1(B) and f2(B). The corresponding equations of motion
are
f1(B)uλ;µuµ
=

(f
′′
1 (B) + f
′′
2 (B))Aλ − f
′
1(B)uλ)

B,µuµ
+ (f
′
1(B) + f
′
2(B))Fλµuµ
, (43)
Fλµ = Aµ,λ − Aλ,µ. (44)
Since Fλµuλ
uµ
≡ 0 and uλ;µuλ
≡ 0, the above equations are self-consistent, if either
(f
′′
1 + f
′′
1 )B − f
′
1 = 0 (45)
or
B,µuµ
= 0. (46)
How to insert the interaction with the Weyl vector Aµ into the perfect fluid
Lagrangian? Evidently, the new invariant B = Aµuµ
is tightly linked to the particle
number density n. So, the simplest way to make the replacement
n → ϕ(B)n, ε = ε(X, ϕ(B)n). (47)
This causes the contributions Gµ
[part] to the Weyl current and to the energy-momentum
tensor Tµ
[part], namely
Gµ
[part] =
ϕ′
(B)
ϕ(B)
(ε + p)uµ
, (48)
Fµν
[part] = (ε + p)

1 − B
ϕ′
(B)
ϕ(B)

uµ
uν
− pgµν
. (49)
How about the particle number conservation law, (nuµ
);µ = 0?
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5. Particle production rate
The investigation of the process of particle creation from vacuum fluctuations of scalar
fields [6, 7, 8] showed the main role played by the so called conformal anomalies. The
local part of them can be described by inclusion into the gravitational action integrals
some combination of the terms quadratic in curvatures (in the one-loop approximation
of the quantum field theory). Since the Lagrangian of the Weyl gravity consists just of
such quadratic terms, the particle creation must take place. Thus, we have to have
(nuµ
);µ = Φ(inv), (50)
where “the law of creation” Φ depends on some invariants. The simplest way to take this
into account in the perfect fluid Lagrangian is to modify the corresponding constraint[9].
Thus we arrive at the following matter action integral
Sm = −
Z
ε(X, ϕ(B)n)
√
−g d4
x +
Z
λ0(uµuµ
− 1)
√
−g d4
x
+
Z
λ1 ((ϕ1(B)nuµ
);µ − Φ(inv))
√
−g d4
x +
Z
λ2X,µuµ
√
−g d4
x. (51)
Since the Weyl gravity is conformal invariant it seems natural to check the behavior
of the creation function Φ under such a transformation. One has
n =
n̂
Ω3
, uµ
=
ûµ
Ω
,
√
−g = Ω4
p
−ĝ, (52)
hence
(nuµ
);µ =
1
√
−g
(nuµ√
−g),µ =
1
√
−g

n̂
Ω3
ûµ
Ω
Ω4
p
−ĝ

,µ
=
=
1
√
−g
(n̂ûµ
p
−ĝ),µ, (53)
and we obtain, that (nuµ
);µ
√
−g is conformal invariant. It is not at all surprising because
the number of particles can be just counted.
Let us assume that there are no classical fields, and the particle are created solely
by the vacuum fluctuations (i. e., by geometry).
In the case of the Weyl geometry we are ready to write down the result for the
creation law,
Φ = α′
1RµνλσRµνλσ
+ α′
2RµνRµν
+ α′
3R2
+ α′
4FµνFµν
(54)
(for the reasons described above, we are interested only in quadratic terms). Surely, Φ
will contribute both to the Weyl current (Gµ
[cr]) and to the energy-momentum tensor
(Tµν
[cr]).
In the case of the Riemannian geometry the creation law is reduced to
(nuµ
);µ = ηC2
, (55)
where η = const, and C2
is the square of the Weyl tensor Cµνλσ. Exactly the same
result were obtained by Ya. B. Zel’dovich and A. A. Starobinski in 1977 [6] while they
studied the particle creation by the vacuum fluctuations of the massless scalar field on
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the background metric of the homogeneous and slightly anisotropic cosmological space-
time obeying the Einstein equations. Now it becomes fundamental for any Reemannian
geometry, irrespective of the form of the gravitational Lagrangian.
6. Cosmology
By cosmology we understand the homogeneous and isotropic space-times described by
the Robertson-Walker metric,
ds2
= dt2
− a2
(t)dl2
, (56)
dl2
= γijdxi
dxj
=
dr2
1 − kr2
+ r2
(dθ2
+ sin2
θdϕ2
), (k = 0, ±1), (57)
with the scale factor a(t).
Due to the high level of the symmetry one has
Aµ = (A0(t), 0, 0, 0), (58)
from where it follows, that
Fµν ≡ 0. (59)
Also
Tν
µ = (T0
0 , T1
1 = T2
2 = T3
3 ) = Tν
µ (t). (60)
Clearly T1
1 = (1/3)(T − T0
0 ), T = TraceTµν
and we need to know only T0
0 and T.
Since A0(t) = Â(t) + 2(Ω̇/Ω), it is always possible to find a gauge with Â(t) = 0,
which we will call “the special gauge”, and the corresponding solutions may be called
“the basic solutions”. Side note: B = Aµuν
= 0, and all the functions of B are converted
into the set of some constants.
We are not allowed to put Aµ = 0 prior to the variation process, because δAµ 6= 0.
Hence, one should extract first the variation δS/δAµ and evaluate Gµ
[cr],
Z
Gµ
[cr](δAµ)
√
−g d4
x =
Z
λ1(x)
δΦ(inv)
δAµ
(δAµ)
√
−g d4
x. (61)
The left-hand-side of the corresponding gravitational equation will then be obtained
simply by putting λ1 = 1 (and without “primes”). The detailed calculations will be
presented in the Appendices A and B, here we give the final result,
Gµ
[cr] = − 2(2α′
1 + α′
2)λ1;κRµκ
− (α′
2 + 6α′
3)λ;µ
1 R
− 2(α′
1 + α′
2 + 3α′
3)λ1R;µ
, (62)
where we already took into account that for any homogeneous and isotropic space-time
the Weyl tensor Cµνλσ ≡ 0. In cosmology R00
= R0
0(t), Ri0
= 0, R = R(t), Rij
= R1
1gij
,
R1
1 = (1/3)(R − R0
0), one has
Gi
[cr] = 0, (63)
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G0
[cr] = − 2(2α′
1 + α′
2)λ̇1R0
0 − (α′
2 + 6α′
3)λ̇1R
− 2(α′
1 + α′
2 + 3α′
3)λ1Ṙ. (64)
Now we can safely jump to our special gauge A = 0, where we will be dealing,
essentially, with the Riemannian geometry. The gravitational Lagrangian, LW, becomes
LW = α1RµνλσRµνλσ
+ α2RµνRµν
+ α3R2
+ α4FµνFµν
= αC2
+ βGB + γR2
+ α4FµνFµν
, (65)
where C2
= CµνλσCµνλσ
, Cµνλσ — Weyl tensor, which is the completely traceless part
of the curvature tensor, with all its algebraic symmetries,
Cµνλσ = Rµνλσ −
1
2
Rµλgνσ +
1
2
Rµσgνλ +
1
2
RνλRµσ
−
1
2
RνσRµλ +
1
6
R(gµλgνσ − gµσgνλ), (66)
GS is the Gauss-Bonnet term,
GB = RµνλσRµνλσ
− 4RµνRµν
+ R2
, (67)
and
α1 = α + β (68)
α2 = − 2α − 4β (69)
α3 =
1
3
α + β + γ. (70)
One can put C2
= 0 and FµνFµν
= 0 straight in the Lagrangian, because
Cµνλσ(δCµνλσ
) = 0 and Fµν
(δFµν) = 0. Moreover, in 4-dimensional space-times the
Gauss-Bonnet term is a full derivative, so it has no effect on the field equations. Thus we
are left with only one term, γR2
. But in the creation function Φ(inv) we can not neglect
the Gauss-Bonnet term, because it enters the matter Lagrangian with the multiplier
λ1(x).
Let us rewrite G0
[cr] using new set of coupling constants,
G0
[cr] = 4βλ̇1R0
0 − 2(β + 3γ)λ̇1R − 6γλ1Ṙ. (71)
We see that α′
does not appear, as it should be, and dependence on β′
disappears for
λ1 = const, as it should be.
Finally, we write down the result for T[cr] and T0
0 [cr] (for detailed calculations see
Appendix B),
T[cr] = λ̈1(8β′
R0
0 − 4β′
R − 12γ′
R)
− 4λ̇1

β′ ȧ
a
(R + 2R0
0) + 6γ′
Ṙ + 9γ′ ȧ
a
R

− 12λ1γ′
(R̈ + 3
ȧ
a
R). (72)
T0
0 [cr] = 8γ′
λ̇1
ȧ
a
R0
0 − 4(β′
+ 3γ′
)λ̇1
ȧ
a
R
− γ′
λ1

12
ȧ
a
Ṙ + R(4R0
0 − R)

. (73)
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We are ready now to present the complete set of equations for the cosmological
space-times filled with the perfect fluid, more precisely, their remnants.
Vector:
−6γṘ = G0
. (74)
Tensor:
−γ

12
ȧ
a
Ṙ + R(4R0
0 − R)

= T0
0 , (75)
−12γ

R̈ + 3
ȧ
a
R

= T. (76)
Self-consistency condition:
2
(G0
a3
)˙
a3
= T0
0 + 3T1
1 = T. (77)
It is quite clear that the self-consistency condition is just the consequence of the vector
and trace equations.
Ricci tensor and scalar curvature are
R0
0 = −3
ä
a
, (78)
R = −6

ä
a
+
ȧ2
+ k
a2

, k = 0, ±1. (79)
Of all the perfect fluid equations of motion only two are survived,
λ̇1 = −
ε + p
n
, (80)
(na3
)˙
a3
= Φ(inv), (81)
where
Φ(inv) = −
4
3
β′
R0
0(2R0
0 − R) + γ′
R2
. (82)
Remember that
G0
= G0
[part] + G0
[cr], G0
[part] =
ϕ̇(0)
ϕ(0)
(ε + p), (83)
T0
0 = T0
0 [part] + T0
0[cr], T0
0[part] = ε(ϕ(0)n), (84)
T = T[part] + T[cr], T[part] = ε + 3p, (p = n
∂ε
∂n
− ε). (85)
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7. Pregnant vacuum
The appearance of the quadratic curvature terms suggests that we are dealing, actually,
with the physical vacuum of the quantum field theory. This vacuum may produce
particles — quanta of the vacuum fluctuations of some fields. We assume that the
classical fields that may also create particles, are absent.
Let us suppose that the universe was created from “nothing”[1]. Most possible
it was initially empty, i. e., without particles. Then the question arises whether this
vacuum persistent or it is just the initial state.
Therefore we are in the situation when the physical vacuum is able to create
particles, but does not do this, it can be called “the pregnant vacuum”. This means
that the creation law function is zero, but not all the coefficients (β′
, γ′
) are not zero,
Φ(inv) = 0, |β′
| + |γ′
| 6= 0, (86)
4
3
β′
R0
0(2R0
0 − R) = γ′
R2
. (87)
In the absence of particles n = 0
G0
[part] = T0
[part] = T[part] = 0. (88)
Let us have a look at the equation
λ̇1 = −
ε + p
n
. (89)
It has quite a different solution, depending on the kind of the matter particles, the
pregnant vacuum is ready to give a birth to. Namely, if (ε + p)/n → 0 for n → 0, then
λ1 = const, (90)
but for the dust matter, ε + p = ϕ(0)n,
λ1 = −ϕ(0)(t − t0). (91)
Consider first the non-dust matter. Then, for the general values β′
, γ′
6= 0 one has
λ1 = const, R = ξR0
0, → (3γ′
ξ2
+ 4β′
(ξ − 2))(R0
0)2
= 0. (92)
− 6(γ − γ′
λ1)Ṙ = 0, (93)
− 12(γ − γ′
λ1)
(Ṙa3
)˙
a3
= 0, (94)
− (γ − γ′
λ1)

12
ȧ
a
Ṙ + R(R − 4R0
0)

= 0. (95)
In the case γ 6= γ′
λ1 (λ1 is arbitrary),
Ṙ = 0, (96)
and either we have the (flat) Milne universe (R = R0
0 = 0) or ξ = 4 — de Sitter universe
for β + 6γ′
= 0.
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Let γ = γ′
λ1, note that is not a special condition, but the solution for λ1. Then,
there exists the persistent vacuum with
ȧ2
+ k = C0a
4
ξ−2 , C0 = const. (97)
We suspect that such a vacuum is unstable like the de Sitter vacuum in quadratic gravity,
but do not study this problem here, mainly because the persistence of the vacuum with
respect to the creation of the dust particles is not yet investigated.
Let us now come to the dust matter case. First of all,
λ1 = −ϕ(t − t0), ϕ = const. (98)
Then, the pregnancy implies (see Eq. (92))
R = ξR0
0, → (4β′
(ξ − 2) + 3γ′
ξ2
)(R0
0)2
= 0. (99)
The gravitational equations can be rewriting as follows (we omitted the tedious details),
3ηṘ =
β′
γ′
(R − 2R0
0) + 3R, (100)
− 3η
(Ṙa3
)˙
a3
=
β′
γ′
(R + 2R0
0)
ȧ
a
+ 3
ȧ
a
R + 6Ṙ, (101)
− η

ȧ
a
Ṙ + R(R − 4R0
0)

ȧ
a
= 4

β′
γ′
(R − 2R0
0) + 3R

ȧ
a
. (102)
Comparing the first and the third equation, we see that
R(R − 4R0
0) = 0. (103)
Hence, either R = 0 — then R0
0 = 0 and we have the (flat) Milne universe, or R = 4R0
0
— then ξ = 4, and it follows from the pregnancy condition (99) and the first equation
that Ṙ = 0, i. e., we have the de Sitter universe
Note, that ξ = 4 only if β′
+ 6γ′
= 0. This means that for any other combination
of β′
and γ′
the universe starts to produce dust particles immediately after the birth.
The universe, being emerged from the vacuum foam like Aphrodite, immediately
starts to produce dust particles!
8. Discussion and conclusion
In this paper we considered the application of Weyl gravitational theory to cosmology.
By cosmology we understand the homogeneous and isotropic model with the Robertson-
Walker metric. The Weyl gravity[4], by definition, is invariant under the local conformal
transformation. If one suppose the same type of invariance in the case of Riemannian
geometry, then all the cosmological metrics (homogeneous and isotropic) would appear
to be the vacuum solutions[10, 11].
We observed that the action integral for the matter fields is not obliged to be
conformal invariant. It is its variation of that has to obey the such a requirement. In
the Riemannian geometry, this conformal invariance condition leads to the tracelessness
of the energy-momentum tensor. However, in the Weyl geometry the non-zero trace is
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allowed provided that there exists a direct interaction between the matter fields and
the Weyl tensor, Aµ, which we consider just as a part of the geometry. We found the
corresponding self-consistency relation.
We found that for the cosmological space-times the strength tensor Fµν = Aν,µ −
Aµ,ν = 0 (due to the high level of symmetry). Thus there exists the special gauge with
Aµ = 0, i. e., the cosmological observers do not “feel” it at all, and one can safely think
he is dealing with the Riemannian geometry.
For the matter fields we have chosen the perfect fluid and wrote the corresponding
Lagrangian in the form suggested by J. R. Ray[5], where the particle number
conservation law enters explicitly as a constraint. The Weyl gravitational Lagrangian
contains the terms, quadratic in curvature. It is well known from early 70s (of the last
century) that such terms describe the conformal anomaly responsible for the particle
creation[13, 14, 15, 16, 17, 18] in one loop approximation of the quantum field theory.
Therefore, we modified the corresponding constraint by allowing for the particle to be
produced[10, 11]. It is clear that this new term in the matter Lagrangian will produce
some additional terms both in the Weyl current Gµ
(the result of variation of the matter
Lagrangian with respect to the Weyl vector Aµ) and in the energy-momentum tensor
Tµν
.
In order to determine the needed interaction between particles and the Weyl
vector, we investigated the Lagrangian for the single particle, moving in the given Weyl
geometry (described by the metric tensor gµν and Weyl vector Aµν).
We found that the well known Lagrangian can be generalized by introducing the
two functions of the new invariant B = aµuµ
, where uµ
is the four-velocity of particle.
We derived the equations of motion and found that there are the conditions to be
imposed in order to avoid contradiction. It appeared that in the case of cosmology they
are satisfied automatically in our special gauge, making the latter quite physical. The
insertion of these results into the perfect fluid Lagrangian was straightforward.
Since the whole theory was constructed as being conformal invariant it was
reasonable to test the modified constraint — the rate of particle production
(nuµ
);µ ≡
(n
√
−guµ
),µ
√
−g
= Φ(inv). (104)
The number density n = n̂/Ω3
, uµ
= ûµ
/Ω,
√
−g = Ω4
√
−ĝ, where Ω is the conformal
factor. Evidently Φ
√
−g must be conformal invariant. This result is of great importance,
because it does not depends on the gravitational Lagrangian. In the absence of the
classical fields (what is already assumed by choosing the perfect fluid, consisting only of
particles), the only choice for Φ(inv) is the combination of exactly the same terms as in
the Weyl gravitational Lagrangian, but, in general (“primed”) coefficients. Naturally,
we restrict ourselves to the quadratic terms, in order not to go beyond the one-loop
approximation of the quantum field theory.
Note, that in the Riemannian geometry (and, particularly, in General Relativity)
one has no other choice for Φ(inv), but the square of Weyl tensor. In 1997 Ya. B.
Zel’dovich and A. A. Starobinskii[19] obtained the analogous result when considering the
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scalar particle production from the vacuum on the fixed background of the homogeneous
and slightly anisotropic cosmological model. But now it becomes really fundamental.
Let us suppose that the universe was created from “nothing”[1] by some tunneling
process, then, most probable, it emerged in a vacuum state. The question, therefore,
arises, can such a vacuum state persist or it is served just as an initial state? There are
two quite different cases with quite different answers, the non-dust and dust ones, with
the positive and zero hydrodynamic pressure, correspondingly. Of course, in both cases
there exists the Milne Universe (locally flat space-time) as the solution, but it does not
suit us because the emerging universe should be closed. Also there exists the de Sitter
solution for the special relation for the “primed” coefficients. But in the general case
such a vacuum exists in the non-dust case, but it does not exist in the dust case. This
means, that the universe, just after emerging from the quantum vacuum foam, starts
to produce dust particles. These dust particles do not interact with each other (by
definition) and may represent the dark matter.
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Appendix A
Here we derive the part of the Weyl Current arising from the creation law in the matter
integral, i. e., Gµ
[cr]. By definition (see Eq. (61),
Z
Gµ
[cr](δAµ)
√
−g d4
x = δ
Z
λ1Φ(inv)
√
−g d4
x, (A.1)
where according to the creation law
Φ(inv) = α′
1Rµνλσ
µνλσ + α′
2Rµν
µν + α′
3R2
+ α′
4FµνFµν
. (A.2)
In order to obtain the left-hand-side of the vector gravitational equation, one should
simply put λ1 ≡ 1 and omit “primes”.
Let us start with the α′
1 term. One has
I[α′
1] =
Z
Gµ
[α′
1](δAµ) = 2
Z
λ1Rνλσ
µ (δRµ
νλσ)
√
−g d4
x. (A.3)
The remarkable Palatini formula reads
δRµ
νλσ = ∇λ(δTµ
νσ) − ∇σ(δTµ
νλ) (A.4)
Remembering that now δΓµ
νσ = δWµ
νσ and neglecting full derivatives, one gets
I(α′
1) = − 4α′
1
Z

∇λ(λ1R νλσ
µ ) + 2λ1Rνλσ
µ Aλ (δWµ
νσ)
√
−g d4
x
= − 4
α′
1
Z
gµµ′ gνν′
gλλ′
gσσ′
∇λ(λ1Rµ′
ν′λ′σ′ )(δWµ
νσ)
√
−g d4
x. (A.5)
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It follows, then
Gµ
[α′
1] = α′
1gλλ′
n
gµσ′
∇λ(λ1Rν′
ν′λσ′ ) + gµσ′
∇λ(λ1Rν′
σ′λ′ν′ )
− gν′σ′
∇λ(λ1Rµ
νλ′σ′ )
o
. (A.6)
Since Rν′
ν′λ′σ′ = −2Fλ′σ′ and Rν′
σ′λ′ν′ = −Rσ′λ′ ,
Gµ
[α′
1] = − 2α′
1gλλ′
n
2gµσ′
∇λ(λ1Fλ′σ′ ) + gµσ′
∇λ(λ1Rσ′λ′ )
+ gν′σ′
∇λ(λ1Rµ
ν′λ′σ′ )
o
. (A.7)
The last term can be transformed into
gµµ′
(∇λ(λ1Rµ′λ′ + ∇λ(λ1Fµ′λ′ )), (A.8)
and we get finally
Gµ
[α′
1] = −2α′
1gλλ′
gµµ′
(2∇λ(λ1Rµλ′ ) − ∇λ(λ1Fµ′λ′ )). (A.9)
In the case of cosmology, we are interested in, Fµν ≡ 0, and, choosing our special gauge
Aµ = 0, we have
Gµ
[α′
1] = −4α′
1(λ1Rµλ
);λ (A.10)
(the Weyl covariant derivatives becomes the metric ones).
It is a little bit simpler to calculate Gµ
[α′
2], the result is
Gµ
[α′
2] = −α′
2(3gµµ′
gλν′
− gµν′
gλµ′
+ gµλ
gµ′ν′
)∇λ(λ1Rµ′ν′ ). (A.11)
For cosmology Rµ′ν′ = Rν′µ′ , and in the special gauge Aµ = 0 one gets
Gµ
[α′
2] = −α′
2(2(λ1Rµλ);λ + (λ1R);µ
) (A.12)
The expression for Gµ
[α′
3] is even more simple,
Gµ
[α′
3] = −6α′
3gµλ
gκσ
∇λ(λ1Rκσ), (A.13)
which in the case of cosmology becomes
Gµ
[α′
3] = −6α′
3(λ1R);µ
. (A.14)
And, at last,
I(α′
4) = 2α′
4
Z
Fµ
(δFµν)
√
−g d4
x
= 4α′
4
Z

Fµν
√
−g(δAν),µ − (Fµν
√
−g),µ (δAν) d4
x. (A.15)
This gives for Gµ
[α′
4]
Gµ
[α′
4] = 4α′
4(Fµν
);ν. (A.16)
Note that the covariant derivative is the metric one. Evidently, this is zero in cosmology.
Combining all these, one gets, that for the special gauge Aµ = 0 in cosmology,
Gµ
[cr] = − 2(2α′
1 + α′
2)(λ1Rµλ
);λ − (α′
2 + 6α′
4)(λ1R);µ
= 2β′
((λ1Rµλ
);λ − (λ1R);µ
) − 6γ′
(λ1R);µ
). (A.17)
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It is easy to see, that Gi
[cr] (i = 1, 2, 3), and
G0
[cr] = 2β′
λ̇1(2R0
0 − R) − 6γ′
λ̇1R − 6γ′
λ1Ṙ. (A.18)
For gravitational equation (λ1 ≡ 1), the term with β′
(appears in front of the Gauss-
Bonnet term) disappears, and one is left simply with
−6γṘ = G0
. (A.19)
Appendix B
Here we will present a scheme for calculating the part of energy-momentum tensor Tµν[cr]
that arises from the particle creation law. By definition,
δSm = −
1
2
Z
Tµν
[cr](δgµν
)
√
−g d4
x = −δ
Z
λ1Φ(inv)
√
−g d4
x, (B.20)
Φ(inv) = α′
1RµνλσRµνλσ
+ α′
2RµνRµν
+ α′
3R2
+ α′
4FµνFµν
. (B.21)
Since we are interested only in cosmology, we will use the special gauge, Aµ = 0, from the
very beginning, what is, surely, allowed now. Thus we are, actually, in the framework of
the Riemannian geometry. Moreover, we will make use of the fact, that the Weyl tensor
Cµνλσ = 0 for any Robertson-Walker metric.
We begin with the α′
1–part. The routine procedure, with the help of the Palatini
formula[20] and algebraic symmetries of the curvature tensor, gives us
Tµν
[α′
1] = − 4α′
1 {(λ1Rµκνσ
);σ;κ + (λ1Rνκµσ
);σ;κ}
+ α′
1α1
n
RκσλδRκσλδ
gµν
− 4R µ
κσλ Rκσλν
o
. (B.22)
The above expression can be considerably simplified. Le us star with the quadratic
terms/ Using the evident relation
RµνλσRµνλσ
= CµνλσCµνλσ
+ 2RµνRµν
−
1
3
R2
(B.23)
and (much less evident) DeWitt’s identity[21]
C µ
κσλ Cκσλν
=
1
2
CκσλδCκσλδ
gµν
. (B.24)
What concerns the linear part, it is not difficult to show that
(λ1Rµκνσ
);σ;κ = (λ1Rνκµσ
);σ;κ. (B.25)
Then, using the famous Bianchi identities and that Cµνλδ = 0 for the cosmological
metric, we arrive at the nice identity,
Rµκνσ
;σ = Rµν;κ
− Rκν;µ
=
1
6
(R;κ
;κgµν
− R;µ
gνκ
), (B.26)
which implies
Rµκνσ
;σ;κ =
1
6
(R;κ
;κgµν
− R;µ;ν
). (B.27)
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Finally, one gets for Tµν
[α′
1],
Tµν
[α′
1] = − 8α′
1

1
2

λ1
;κ
;κ(Rµν
−
1
3
Rgµν
) − λ1
;ν
;κRµκ
− λ1
;µ
;κRνκ
+ λ1;σ;κRκσ
gµν
+
1
3
λ;µ;ν
1 R

+
1
3
λ1;κR;κ
gµν
−
1
6
λ1;κ(R;µ
gνκ
+ R;ν
gµκ
) +
1
6
λ1(R;κ
;κgµν
− R;µ
;ν )

+ α′
1λ1

−
4
3
RRµν
+
1
3
R2
gµν

. (B.28)
In the same manner and using the same identities, one gets for Tµν
[α′
2],
Tµν
[α′
2] = 2α′
2

λ1
;ν
;κRµκ
+ λ1
;µ
;κRνκ
− λ1
;κ
;κRµν
− λ1;σ;κRσκ
gµν
+
2
3
(λ1
;ν
R;µ
+ λ1
;µ
R;ν
− 2λ1;κR;κ
gµν
)
+
2
3
λ1(R;µ;ν
− R;κ
;κgµν
)

+ α′
1λ1

−
4
3
RRµν
+
1
3
R2
gµν

. (B.29)
The most simple and straightforward is the calculation of Tµν
[α′
3],
Tµν
[α′
3] = 4α′
3

(λ1R;µ;ν
) − (λ1R);κ
;κgµν
+ α′
3λ1{R(Rgµν
− 4Rµν
)}. (B.30)
Combining all these together and using coefficients (α′
, β γ′
), one gets finally
Tµν
[cr] = 4β′

λ1
;κ
;κRµν
− λ1
;ν
;κRµκ
− λ1
;µ
;κRνκ
+ λ1;σ;κRσκ
gµν
+
2
3
(λ1
;µ;ν
R;µ
− λ1
;κ
;κgµν
)R

+ 4γ′

(λ1R);µ;ν
− (λ1R);κ
;κgµν
− λ1R

Rµν
−
1
4
Rgµν

. (B.31)
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