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Open sets are among the most important subsets of R. A collection of open sets is called a
topology, and any property (such as convergence, compactness, or continuity) that can be
defined entirely in terms of open sets is called a topological property.
Definition 1. A set G R is open if for every x G there exists a > 0 such that G (x , x + ). The
entire set of real numbers R is obviously open, and the empty set is open since it satisfies the
definition vacuously (there is no x ).
Example 2. The open interval I = (0, 1) is open. If x I, then I (x , x + ), = min x 2 , 1 x 2 > 0.
Similarly, every finite or infinite open interval (a, b), (, b), or (a, ) is open.
Example 3. The half-open interval J = (0, 1] isn’t open, since (1, 1 +) isn’t a subset of J for any >
0, however small.
Suppose that {Ai R : i I} is an arbitrary collection of open sets. If x S iI Ai , then x Ai for
some i I. Since Ai is open, there is > 0 such that Ai (x , x + ), and therefore [ iI Ai (x , x + ),
which proves that S iI Ai is open. Suppose {Ai R : i = 1, 2, . . . , n} is a finite collection of open
sets. If x Tn i=1 Ai , then x Ai for every 1 i n. Since Ai is open, there is i > 0 such that Ai (x i
, x + i). Let = min{1, 2, . . . , n} > 0. Then we see that \ i=1 Ai (x , x + ), which proves that Tn
i=1 Ai is open. The previous proof fails for an infinite intersection of open sets, since we may
have i > 0 for every i N but inf{i : i N} = 0.
Solution
Open sets are among the most important subsets of R. A collection of open sets is called a
topology, and any property (such as convergence, compactness, or continuity) that can be
defined entirely in terms of open sets is called a topological property.
Definition 1. A set G R is open if for every x G there exists a > 0 such that G (x , x + ). The
entire set of real numbers R is obviously open, and the empty set is open since it satisfies the
definition vacuously (there is no x ).
Example 2. The open interval I = (0, 1) is open. If x I, then I (x , x + ), = min x 2 , 1 x 2 > 0.
Similarly, every finite or infinite open interval (a, b), (, b), or (a, ) is open.
Example 3. The half-open interval J = (0, 1] isn’t open, since (1, 1 +) isn’t a subset of J for any >
0, however small.
Suppose that {Ai R : i I} is an arbitrary collection of open sets. If x S iI Ai , then x Ai for
some i I. Since Ai is open, there is > 0 such that Ai (x , x + ), and therefore [ iI Ai (x , x + ),
which proves that S iI Ai is open. Suppose {Ai R : i = 1, 2, . . . , n} is a finite collection of open
sets. If x Tn i=1 Ai , then x Ai for every 1 i n. Since Ai is open, there is i > 0 such that Ai (x i
, x + i). Let = min{1, 2, . . . , n} > 0. Then we see that \ i=1 Ai (x , x + ), which proves that Tn
i=1 Ai is open. The previous proof fails for an infinite intersection of open sets, since we may
have i > 0 for every i N but inf{i : i N} = 0..Read less
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	1. Open sets are  among the most important subsets of R. A collection of open sets is called a
topology, and any property (such as convergence, compactness, or continuity) that can be
defined entirely in terms of open sets is called a topological property.
Definition 1. A set G R is open if for every x G there exists a > 0 such that G (x , x + ). The
entire set of real numbers R is obviously open, and the empty set is open since it satisfies the
definition vacuously (there is no x ).
Example 2. The open interval I = (0, 1) is open. If x I, then I (x , x + ), = min x 2 , 1 x 2 > 0.
Similarly, every finite or infinite open interval (a, b), (, b), or (a, ) is open.
Example 3. The half-open interval J = (0, 1] isn’t open, since (1, 1 +) isn’t a subset of J for any >
0, however small.
Suppose that {Ai R : i I} is an arbitrary collection of open sets. If x S iI Ai , then x Ai for
some i I. Since Ai is open, there is > 0 such that Ai (x , x + ), and therefore [ iI Ai (x , x + ),
which proves that S iI Ai is open. Suppose {Ai R : i = 1, 2, . . . , n} is a finite collection of open
sets. If x Tn i=1 Ai , then x Ai for every 1 i n. Since Ai is open, there is i > 0 such that Ai (x i
, x + i). Let = min{1, 2, . . . , n} > 0. Then we see that  i=1 Ai (x , x + ), which proves that Tn
i=1 Ai is open. The previous proof fails for an infinite intersection of open sets, since we may
have i > 0 for every i N but inf{i : i N} = 0.
Solution
Open sets are among the most important subsets of R. A collection of open sets is called a
topology, and any property (such as convergence, compactness, or continuity) that can be
defined entirely in terms of open sets is called a topological property.
Definition 1. A set G R is open if for every x G there exists a > 0 such that G (x , x + ). The
entire set of real numbers R is obviously open, and the empty set is open since it satisfies the
definition vacuously (there is no x ).
Example 2. The open interval I = (0, 1) is open. If x I, then I (x , x + ), = min x 2 , 1 x 2 > 0.
Similarly, every finite or infinite open interval (a, b), (, b), or (a, ) is open.
Example 3. The half-open interval J = (0, 1] isn’t open, since (1, 1 +) isn’t a subset of J for any >
0, however small.
Suppose that {Ai R : i I} is an arbitrary collection of open sets. If x S iI Ai , then x Ai for
some i I. Since Ai is open, there is > 0 such that Ai (x , x + ), and therefore [ iI Ai (x , x + ),
which proves that S iI Ai is open. Suppose {Ai R : i = 1, 2, . . . , n} is a finite collection of open
sets. If x Tn i=1 Ai , then x Ai for every 1 i n. Since Ai is open, there is i > 0 such that Ai (x i
, x + i). Let = min{1, 2, . . . , n} > 0. Then we see that  i=1 Ai (x , x + ), which proves that Tn
 


	2. i=1 Ai is  open. The previous proof fails for an infinite intersection of open sets, since we may
have i > 0 for every i N but inf{i : i N} = 0.
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