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	1. � �
�
�
Deﬁnition of  double integration

In this note we will work abstractly, deﬁning double integration as a sum, technically a limit
of Riemann sums. It is best to learn this ﬁrst before getting into the details of computing
the value of a double integral –we will learn how to do that next.
Deﬁnition of double integrals
Suppose we have a region in the plane R and a function f(x, y), Then the double integral
f(x, y) dA
R
is deﬁned as follows.
Divide the region R into small pieces, numbered from 1 to n. Let ΔAi be the area of the ith
piece and also pick a point (xi, yi) in that piece. The ﬁgure shows a region R divided into
small pieces and shows the ith piece with its area, and choice of a point in the little region.
y
x
R
• (xi, yi)
area = ΔAi
Now form the sum
n
f(xi, yi) ΔAi,
i=1
and then, ﬁnally
� � n
f(x, y) dA = lim f(xi, yi) ΔAi.
R ΔA 0
→
i=1
Here, the limit is taken by letting the number of pieces go to inﬁnity and the area of each
piece go to 0. There are technical requirements that the limit exist and be independent of
the speciﬁc limiting process. In 18.02 these requirements are always met. (Later you might
study fractals and other strange objects which don’t satisfy them.)
Interpretations of the double integral
As you saw in single variable calculus, these sums can be used to compute areas, volumes,
mass, work, moment of inertia and many other quantities. Again, before focusung on some
 


	2. � �
� �
computational  issues we will show you how easy it is to setup a double integral to compute

certain quantities.

Example 1: Set up a double integral to compute the area of a region R in the plane.

Answer: Use the ﬁgure above for visualization. The area of R is just the sum of the areas

of the pieces. That is, � �
area = dA.
R
Example 2: Set up a double integral to compute the volume of the solid below the graph
of z = f(x, y) = 2 − .5(x + y) and above the unit square in the xy-plane.
Answer: The ﬁgure below shows the graph of f(x, y) above the unit square in the plane.
The unit square is labeled R. We also show a little piece of the R and the solid region above
that piece. We are imagining we’ve divided R into n small pieces and this is the ith one. It
contains the point (xi, yi) and has area ΔAi.
z
y
1
1
R
• (xi, yi), area = ΔAi
x
The small solid region is almost a box and so its volume, ΔVi, is roughly its base times its
height, i.e.,
ΔVi ≈ ΔAi × f(xi, yi).
The total volume is the sum of the volumes of all the small pieces, i.e.,
n n
volume = ΔVi ≈ ΔAi × f(xi, yi).
i=1 i=1
In the limit this becomes an exact integral for volume
volume = f(x, y) dA.
R
 







	8. Limits in Iterated  Integrals
For most students, the trickiest part of evaluating multiple integrals by iteration is to
put in the limits of integration. Fortunately, a fairly uniform procedure is available which
works in any coordinate system. You must always begin by sketching the region; in what
follows we’ll assume you’ve done this.
x+y=1
2 2
x +y =1
1. Double integrals in rectangular coordinates.
Let’s illustrate this procedure on the ﬁrst case that’s usually
taken up: double integrals in rectangular coordinates. Suppose we
want to evaluate over the region R pictured the integral
� �
f(x, y) dy dx , R = region between x2
+ y2
= 1 and x + y = 1 ;
R
we are integrating ﬁrst with respect to y. Then to put in the limits,
1. Hold x ﬁxed, and let y increase (since we are integrating with respect to y).
As the point (x, y) moves, it traces out a vertical line.
2. Integrate from the y-value where this vertical line enters the region R, to
the y-value where it leaves R.
3. Then let x increase, integrating from the lowest x-value for which the vertical
line intersects R, to the highest such x-value.
Carrying out this program for the region R pictured, the vertical line enters R where
√
y = 1 − x, and leaves where y = 1 − x2.
y= -x
y=
1
1-x2
The vertical lines which intersect R are those between x = 0 and
x = 1. Thus we get for the limits:
� � � � √
1 1−x2
f(x, y) dy dx = f(x, y) dy dx.
R 0 1−x
To calculate the double integral, integrating in the reverse order
��
R
f(x, y) dx dy,
1. Hold y ﬁxed, let x increase (since we are integrating ﬁrst with respect to x).
This traces out a horizontal line.
2. Integrate from the x-value where the horizontal line enters R to the x-value
where it leaves.
3. Choose the y-limits to include all of the horizontal lines which intersect R
x= -y
1
.
x=1-y2
Following this prescription with our integral we get:
� � � � √
1 1−y2
f(x, y) dx dy = f(x, y) dx dy.
R 0 1−y
1
 









	16. 1
1

Tetrahedron

��
Problems: Regions of  Integration
1. Find the mass of the region R bounded by

y = x + 1; y = x2; x = 0 and x = 1, if density = δ(x, y) = xy.

2. Find the volume of the tetrahedron shown below.
z = f(x, y)
1
 


	17. y = x  + 1

R
y = x2
1

��
Problems: Regions of Integration
1. Find the mass of the region R bounded by

y = x + 1; y = x2; x = 0 and x = 1, if density = δ(x, y) = xy.

Answer:

Inner limits: 2
⇒
 M =
y from x to x + 1.
1
Outer limits: x from 0 to 1.


 x+1
dA
δ(x, y) = xy dy dx

R x=0 y=x2

 x+1 2
[x+1 2
y 5 3
x(x + 1) x x x x5
Inner: xy dy =
x
 =
 −
 =
 + 2


x +

x
−
 .

x2 2
 2 2 2 2 2 2

1 3 5 4 3 2 6 1
x
 2 x
[
[
[
x
 x x
 x
 x

[
1 1 1 1 5

Outer:
 + x
 +
 − dx = + + 
 = + +
 
 


 = .
0 2 2 2 8 3 4
−
12
 0 8 3 4
−
12 8

Note: The syntax y = x2 in limits is redundant but useful.
[
[
We know it must be y because
of the dy matching the integral sign.
[
2. Find the volume of the tetrahedron shown below.
1 z = f(x, y)
1
1

Tetrahedron
Answer: The surface has height: z = 1 − x − y.
y
1

y = 1 − x
R
x

1
Region R
1 1−x
Limits: inner: 0 < y < 1 − x, outer: 0 < x < 1. ⇒ V = 1 x y dy dx.
[
x=0 y=0
−
−
1−x 1
y2 −x
1 x2
Inner:
 1 − x − y dy = y − xy −
 [
[
[
2

 
 


 = 1 − x − x + x − + x − .
y=0 2 0 2 2

1
1 x2 1 1 1 1
Outer: − x + dx = − + = .
0 2 2 2 2 6 6
1
 


	18. �

�
�
�
�
Changing the order  of integration

1. Evaluate � π/2 � π/2
sin y
I = dy dx
0 x y
by changing the order of integration.
Answer:
The given limits are (inner) y from x to π/2; (outer) x from 0 to π/2.
We use these to sketch the region of integration.
y
The given limits have inner variable y. To reverse the order of integration we use horizontal
stripes. The limits in this order are
(inner) x from 0 to y; (outer) y from 0 to π/2.
x
y = x
π/2
π/2
So the integral becomes
� π/2 y
sin y
I
=
 dx dy

0 0 y
We compute the inner, then the outer integrals.
y
sin y
 π/2
Inner:
 = sin y. Outer:
 = 1.

x
 − cos y|

0
y
 0
 





	22. Problems: Exchanging the  Order of Integration
� 2 � 2
−y2
Calculate e dy dx.
0 x
 


	23. Problems: Exchanging the  Order of Integration
2 2
−y2
Calculate e dy dx.
0 x
Answer: As you
2
may recall, the function e−y has no simple antiderivative. However, this
double integral can be computed by reversing the order of integration.
The region R is the triangle with vertices at (0, 0), (0, 2) and (2, 2) (sketch it!) Thus:
2 2 2 
 y


−y2
dx
2
e dy =
=0
−y
.
x
e dx dy 

y=x y=0 x=0

 y
− 2
Inner:
 e
 y
dx = ye

− 2
y
.

x=0
2 2
2
Outer: −y2 1
 1 1


 ye dy = − e

−y 4

 =
 (1 e

−
) .

y=0 2
 0 2

− ≈
2

We’re ﬁnding the area under a surface with maximum height 1 and minimum height e−4 ≈
0.1 over a triangle of area 2. This answer seems plausible.
 


	24. �
Integration in polar  coordinates
Polar Coordinates
Polar coordinates are a diﬀerent way of describing points in the plane. The polar coordinates
(r, θ) are related to the usual rectangular coordinates (x, y) by by
x = r cos θ, y = r sin θ
The ﬁgure below shows the standard polar triangle relating x, y, r and θ.
y

x
��
��
x
y
r
θ
Because cos and sin are periodic, diﬀerent (r, θ) can represent the same point in the plane.
The table below shows this for a few points.
(x, y) (1, 0) (0, 1) (2, 0) (1, 1) (−1, 1) (−1, −1) (0, 0)
(r, θ) (1, 0) (1, π/2) (2, 0) (
√
2, π/4) (
√
2, 3π/4) (
√
2, 5π/4) (0, π/2)
(r, θ) (1, 2π) (
√
2, 9π/4) (−
√
2, π/4) (0, −7.2)
(r, θ) (1, 4π)
In fact, you can add any multiple of 2π to θ and the polar coordinates will still represent

the same point.

Because θ is not uniquely speciﬁed it’s a little trickier going from rectangular to polar

coordinates. The equations are easily deduced from the standard polar triangle.

2
r = x2 + y , ”θ = tan−1
(y/x)”.
We use quotes around tan−1 to indicate it is not a single valued function.
The area element in polar coordinates
In polar coordinates the area element is given by
dA = r dr dθ.
The geometric justiﬁcation for this is shown in by the following ﬁgure.
x
��
y
��
•
Δθ r
r
Δr
rΔθ
ΔA
The small curvy rectangle has sides Δr and rΔθ, thus its area satisﬁes ΔA ≈ (Δr)(r Δθ).
As usual, in the limit this becomes dA = r dr dθ.
 


	25. � �
�
�

Double integrals  in polar coordinates
The area element is one piece of a double integral, the other piece is the limits of integration
which describe the region being integrated over.
Finding procedure for ﬁnding the limits in polar coordinates is the same as for rectangular
coordinates. Suppose we want to evaluate dr dθ over the region R shown.
R
x
��
y
��
x + y = 1
x
��
y
��
R
��
•r = 1
(The integrand, including the r that usually goes with r dr dθ, is irrelevant here, and there
fore omitted.)
As usual, we integrate ﬁrst with respect to r. Therefore, we
1. Hold θ ﬁxed, and let r increase (since we are integrating with respect to r). As the point
moves, it traces out a ray going out from the origin.
2. Integrate from the r-value where the ray enters R to the r-value where it leaves. This
gives the limits on r.
3. Integrate from the lowest value of θ for which the corresponding ray intersects R to the
highest value of θ.
To follow this procedure, we need the equation of the line in polar coordinates. We have
x + y = 1 → r cos θ + r sin θ = 1, or r =
1
cos θ + sin θ
.
This is the r value where the ray enters the region; it leaves where r = 1. The rays which
intersect R lie between θ = 0 and θ = π/2. Thus the double iterated integral in polar
coordinates has the limits � π/2
0
� 1
1/(cos θ+sin θ)
dr dθ.
Example: Find the mass of the region R shown if it has density δ(x, y) = xy (in units of
mass/unit area)
In polar coordinates: δ = r2 cos θ sin θ.
Limits of integration: (radial lines sweep out R):
inner (ﬁx θ): 0 < r < 2, outer: 0 < θ < π/3.
� � � π/3 � 2
y
��
R r = 1/(cos θ + sin θ)

⇒ Mass M = δ(x, y) dA =
r=0
r2
cos θ sin θ r dθ dr
�
�
�
� x
��
π/3
2
R
R θ=0
� 2 2
4
3 r
Inner:
 cos θ sin θ dr = cos θ sin θ
 = 4 cos θ sin θ

r

4

0 0
� π/3
π/3 3
= .
0 2
Outer: M = 4 cos θ sin θ dθ = 2 sin2
θ
0
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�
�
�
�

�
�
�
�

��
��
�	
� ��
��
��
Example: Let  I

� 2 x 1
= 1 0 (x2+y2)3/2 dy dx. Compute I using polar coordinates.

Answer: Here are the steps we take.
Draw the region.
Find limits in polar coordinates:
Inner (ﬁx θ): sec θ < r < 2 sec θ, outer: 0 < θ < π/4.
� π/4 � 2 sec θ
1
1
cos θ.
y
��
r
1 2
y = x
��
π/4
y = 2 or r = 2 sec θ

I =	 r dr dθ.
⇒
θ=0	 r=sec θ r3
Compute the integral:
� 2 sec θ �� x
1 1

Inner: dr =
 2 sec θ =

−

2 2

r
 r

sec θ sec θ
� π/4 π/4 √
2
1 1

Outer: I = cos θ dθ = sin θ
 =
 .

2 2
 4

0 0
Example: Find the volume of the region above the xy-plane and below the graph of

z = 1 − x2 − y2.

You should draw a picture of this.

In polar coordinates we have z = 1 − r2 and we want the volume under the graph and

above the inside of the unit disk.

� 2π � 1
⇒	 volume V =
0 0
(1 − r2
) rdr dθ.
� 1
Inner integral: (1 − r2
) rdr =
1
2
−
1
4
=
1
4
.
0
� 2π
1 π
Outer integral:	 V = dθ = .
4 2
0
Gallery of polar graphs (r = f(θ))
A point P is on the graph if any representation of P satisﬁes the equation.
Examples:
y
��
2
y	 y
y 2
�� x �� x �� x
2
Circle centered on 0: Vertical line x = 2 Horizontal line y = 2
π/3 �� x
⇔	 ⇔
Ray: θ = π/3 r = 2	 r = 2 sec θ. r = 2/ sin θ.
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��
Example: Show the  graph of r = 2a cos θ is a circle of radius a centered at (a, 0).

Some simple algebra gives r2 = 2ar cos θ = 2ax ⇒ x2 +y2 = 2ax ⇒ (x−a)2 +y2 = a2.

This is a circle or radius a centered at (a, 0).

Note: we can determine from the graph that the range of theta is −π/2 ≤ θ ≤ π/2.

��
•
a
r = 2a cos θ
−π/2 ≤ θ ≤ π/2.
y
�� y
��
x •a
�� x
r = 2a sin θ
0 ≤ θ ≤ π.
Warning: We can use negative values of r for plotting. You should never use it in
integration. In integration it is better to make use of symmetry and only integrate over
regions where r is positive.
Here are a few more curves.
y
�� x ��
y
��
x
Cardiod: r = a(1 + cos θ) Limaçon: r = a(1 + b cos θ) (b > 1)

y
y
�� x
x
��
Lemniscate: r2 = 2a2 cos 2θ Four leaved rose: r = a sin 2θ
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Double integration in  polar coordinates
1
1. Compute f(x, y) dx dy, where f(x, y) = � and R is the region inside the
R x2 + y2
circle of radius 1, centered at (1,0).
2. Find the area inside the cardioid r = 1 + cos θ.
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Double integration in  polar coordinates
1
1. Compute
R
f(x, y) dx dy, where f(x, y) = �
x2 + y2
and R is the region inside the
circle of radius 1, centered at (1,0).
Answer: First we sketch the region R
y
x
1
r = 2 cos θ
Both the integrand and the region support using polar coordinates. The equation of the
circle in polar coordinates is r = 2 cos θ, so using radial stripes the limits are
(inner) r from 0 to 2 cos θ; (outer) θ from −π/2 to π/2.
Thus,
�� � π/2 � 2 cos θ
1
� π/2 � 2 cos θ
f(x, y) dx dy = r dr dθ = dr dθ.
R −π/2 0 r −π/2 0
Inner integral: 2 cos θ.
π/2 y
Outer integral: 2 sin θ|−π/2 = 4.
2. Find the area inside the cardioid r = 1 + cos θ.
Answer: The cardioid is so-named because it is heart-shaped.
Using radial stripes, the limits of integration are
(inner) r from 0 to 1 + cos θ; (outer) θ from 0 to 2π.
So, the area is
�� � 2π � 1+cos θ
dA = r dr dθ.
R 0 0
(1 + cos θ)2
Inner integral: .
2
Side work:
� � � 2π
cos2
θ dθ =
1 + cos 2θ
dθ =
θ
+
sin 2θ
+ C cos2
θ dθ = π.
2 2 4
⇒
0
Outer integral:
� 2π
(1 + cos θ)2 � 2π
1 cos2 θ π 3π
= + cos θ + dθ = π + 0 + = .
2 2 2 2 2
0 0
3π
The area of the cardioid is .
2
x
r = 1 + cos θ
2
1
 


	30. �
� � �  � � �
Mass and average value
Center of Mass
Example 1: For two equal masses, the center of mass is at the midpoint between them.
m1 = 1 m2 = 1
x1+x2
•
• x•
cm
• xcm = 2 .
x1 x2
Example 2: For unequal masses the center of mass is a weighted average of their positions.
m1 = 2 m2 = 1
2x1+x2
• x•
cm
• xcm = 3 .
x1 x2
In general, xcm = weighted average of position = �
mixi
.
mi
For a continuous density, δ(x), on the segment [a, b] (units of density are mass/unit length)
the sums become integrals. We will skip running through the logic of this since we are
about to show it for two dimensions.
� b
1
� b δ(x)
M = δ(x) dx, xcm = xδ(x) dx.
M a b
a a
In 2 dimensions we label the center of mass as (xcm, ycm) and we have the following formulas
1 1
M = δ(x, y) dA, xcm = xδ(x, y) dA, ycm = yδ(x, y) dA.
R M R M R
These formulas are easy to justify using our usual method for building integrals.
In this case, we divide our region into little pieces and we sum up the contributions of each
piece using an integral. To keep the ﬁgure below uncluttered we only show one piece and
we don’t bother to label it as the ith. In the end we will go directly to the integral, by
thinking if it as a sum.
y
x
��
��
dx
dy
•
(x, y), area = dA = dx dy
The little piece shown has mass δ(x, y) dA and the total mass is just the sum the pieces.

That is, it’s just the integral � �
M = δ dA.
R
Likewise the x and y coordinates of the center of mass are just the weighted average of the
x and y coordinates of each of the pieces. So, we get the formulas given above.
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Example: Suppose the unit square has density δ = xy; Find its mass and center of mass.
Answer:
� � � 1 � 1
1
M =
R
δ dA =
0 0
xy dx dy =
4
.
xcm =
1
M
� �
xδ dA =
1
M
� 1
0
� 1
0
x2
y dy dx.
��
1
2
This is easily computed as xcm = .
3 ��
By symmetry of the region and the density δ, we also have O 1
2
ycm =
3
.
Average Value
We can think of center of mass as the average position of the mass. That is, it’s the average
of position with respect to mass. We can also take averages of functions with respect to
other things. For instance, the average value of f(x, y) with respect to area on a region R is
1
f(x, y) dA.
area R R
In general, if we simply say the average value of a function, it means average value with
respect to area (or later, when we do triple integrals it can mean with respect to volume).
Example: What’s the average distance of a point in a unit square from the center?
Answer: We center the square on the origin. Notice each side has length 2a and the area
of the square is 4a2. So,
1
� � �
average distance = x2 + y2 dx dy.
4a2
square
By symmetry the integral is 8 times the integral of the triangular region R shown. We
actually compute the integral in polar coordinates.
8 y
average = r r dr dθ ��
4a2
R
� π/4 � a sec θ
=
2
r2
dr dθ
a2
0 0
� π/4 3 3 θ
2 a sec
= dθ
a2
0 3
a
= (
√
2 + ln(
√
2 + 1)).
3
x
��
a
a
r = a sec θ
��
R
This last integral was computed using integration by parts as
sec3
θ dθ =
sec θ dθ + sec θ tan θ
=
ln(sec θ + tan θ) + sec θ tan θ
.
2 2
 


	37. Note: the center  of mass is the average value of x and y with respect to mass.

The geometric center has coordinates given by the average value of x and y with respect to

area, i.e., the center of mass when δ = 1.

 






	42. Problems: Mass and  Average Value
Let R be the quarter of the unit circle in the ﬁrst quadrant with density δ(x, y) = y.
1. Find the mass of R.
2. Find the center of mass.
3. Find the average distance from a point in R to the x axis.
 


	43. Problems: Mass and  Average Value

Let R be the quarter of the unit circle in the ﬁrst quadrant with density δ(x, y) = y.
1. Find the mass of R.
Because R is a circular sector, it makes sense to use polar coordinates. The limits of
integration are then 0 ≤ r ≤ 1 and 0 ≤ θ ≤ π/2. In addition we have δ = r sin θ. To ﬁnd
the mass of the region, we integrate the product of density and area.
M = δ dA
R
π/2 1
= (r sin θ) r dr dθ
0 0
π/2 1
= r2
sin θ dr dθ.
0 0
1 1 1
Inner: r3 sin θ = sin θ.
3 0 3
π/2 1
Outer: −1
3 cos θ 0
= 3.

The region has mass 1/3.

This seems like a reasonable conclusion – the region has area a little greater than 1/2 and

average density around 1/2.

2. Find the center of mass.

The center of mass (xcm, ycm) is described by

1 1
xcm =
M R
xδ dA and ycm =
M R
yδ dA.
From (1), M = 1
3.
1
xcm =
M R
xδ dA
π/2 1
= 3 (r cos θ)(r sin θ)r dr dθ
0 0
π/2 1
3
= 3r cos θ sin θ dr dθ.
0 0
3 4 1 3
Inner: r cos θ sin θ = cos θ sin θ.
4 0 4
π/2
3 1 3
Outer: (sin θ)2 = = xcm.
4 2 0 8
1
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ycm = yδ  dA
M R
π/2 1
= 3 (r sin θ)(r sin θ)r dr dθ
0 0
π/2 1
= 3r3
sin2
θ dr dθ.
0 0
1
3 3
Inner: r4
sin2
θ = sin2
θ.
4 4
0

π/2

3 θ 1 3π
Outer: − sin(2θ) = = ycm.
4 2 4 16
0
3 3
The center of mass is at , ≈ (.4, .6).
8 4
This point is within R and agrees with our intuition that xcm < 1/2 and ycm > xcm.
3. Find the average distance from a point in R to the x axis.
1
To ﬁnd the average of a function f(x, y) over an area, we compute f(x, y) dA.
Area R
Here f(x, y) = y.
π/2 1
1 1
y dA = (r sin θ)r dr dθ
Area π/4
R 0 0
π/2 1
4
= r2
sin θ dr dθ.
π 0 0
π/2 1
This should look familiar – we computed in (1) that r2
sin θ dr dθ =
1
. The average
3
0 0
4 1 4
distance from a point in R to the x axis is · = .
π 3 3π
2
ZZ
Z Z
Z Z
 








	51. ZZ
ZZ Z Z
Z  Z
Z Z
 


	52. Moment of Inertia

Moment  of inertia
We will leave it to your physics class to really explain what moment of inertia means. Very
brieﬂy it measures an object’s resistance (inertia) to a change in its rotational motion. It is
analogous to the way mass measure the resistance to changes in the object’s linear motion.
Because it has to do with rotational motion the moment of inertia is always measured about
a reference line, which is thought of as the axis of rotation.
For a point mass, m, the moment of inertia about the line is
I = m d2
,
where d is the distance from the mass to the line. (The letter I is a standard notation for
moment of inertia.)
If we have a distributed mass we compute the moment of inertia by summing the contribu
tions of each of its parts. If the mass has a continuous distribution, this sum is, of course,
an integral.
Example 1: Suppose the unit square, R, has density δ = xy.
Find its moment of inertia about the y-axis.
x
--
y
y
O 1
1
dx
dy
•
(x, y)
x
Answer: The distance from the small piece of the square (shown in the ﬁgure) to the y-axis
is x. If the piece has mass dm then its moment of inertia is
dI = x2
dm = x2
δ(x, y) dA = x3
y dx dy.
We took a shortcut here: we went straight to the notation for inﬁnitesimal pieces, dI, dA
and used equalities. rather than using more formal notation ΔI, ΔA, using approximations
and then taking limits.
In the equation above, we used the notation dI to indicate it is just a small bit of moment
of inertia. We also used that the mass of a piece is density times area. Now it’s a simple
matter to sum up all the bits of moment of inertia using an integral
� � � 1 � 1
I = dI = x3
y dy dx =
1
.
8
R 0 0
(Note: this integral is so easy to compute that we don’t give the details.)
1
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Example 2: For the same square as in example 1, ﬁnd the polar moment of inertia.

y
y
x
--
O 1
1
• (x, y)
r
Answer: The polar moment of inertia of a planar region is the moment of inertia about
the origin (the axis of rotation is the z-axis). Finding this is exactly the same as in example
1, except the distance to the axis is now the polar distance r. We get,
2 3
dI = r2
dm = (x + y2
)δ(x, y) dA = (x y + xy3
) dx dy.
Summing, using an integral gives
I =
R
dI =
1
0
1
0
x3
y + xy3
dy dx =
1
4
.
//
OO
Z Z Z Z
2
 










	62. Moment of inertia
1.  Let R be the triangle with vertices (0, 0), (1, 0), (1,
√
3) and density δ = 1. Find the
polar moment of inertia.
 


	63. Moment of inertia

1.  Let R be the triangle with vertices (0, 0), (1, 0), (1,
√
3) and density δ = 1. Find the
polar moment of inertia.
Answer:	 The region R is a 30, 60 , 90 triangle.
y
x
r
1
√
3
r = sec θ
The polar moment of inertia is the moment of inertia around the origin (that is, the z-axis).
The ﬁgure shows the triangle and a small square piece within R. If the piece has area dA
then its polar moment of inertia is dI = r2δ dA. Summing the contributions of all such
pieces and using δ = 1, dA = r dr dθ, we get the total moment of inertia is
�� �� ��
I = r2
δ dA = r2
r dr dθ = r3
dr dθ.
R R	 R
Next we ﬁnd the limits of integration in polar coordinates. The line
x = 1 r cos θ = 1 r = sec θ.
⇔ ⇔
So, using radial stripes, the limits are: (inner) r from 0 to sec θ; (outer) θ from 0 to π/3.
Thus,
� π/3 � sec θ
I = r3
dr dθ.
0 0
sec4 θ
Inner integral: .
4
Outer integral: Use sec4 θ = sec2 θ sec2 θ = (1 + tan2 θ) d(tan θ) the outer integral is
⇒
1
�
tan θ +
tan3 θ
�
�
�
�π/3
=
1
�
√
3 +
(
√
3)3
�
=
√
3
.
4 3 �
0 4 3 2
√
3
The polar moment of inertia is .
2
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Changing Variables in Multiple Integrals
1. Changing variables.
Double integrals in x, y coordinates which are taken over circular regions, or have inte
grands involving the combination x2
+ y2
, are often better done in polar coordinates:
(1) f(x, y) dA = g(r, θ) r drdθ .
R R
This involves introducing the new variables r and θ, together with the equations relating
them to x, y in both the forward and backward directions:
(2) r = x2 + y2, θ = tan−1
(y/x); x = r cos θ, y = r sin θ .
Changing the integral to polar coordinates then requires three steps:
A. Changing the integrand f(x, y) to g(r, θ), by using (2);
B. Supplying the area element in the r, θ system: dA = r dr dθ ;
C. Using the region R to determine the limits of integration in the r, θ system.
In the same way, double integrals involving other types of regions or integrands can
sometimes be simpliﬁed by changing the coordinate system from x, y to one better adapted
to the region or integrand. Let’s call the new coordinates u and v; then there will be
equations introducing the new coordinates, going in both directions:
(3) u = u(x, y), v = v(x, y); x = x(u, v), y = y(u, v)
(often one will only get or use the equations in one of these directions). To change the
integral to u, v-coordinates, we then have to carry out the three steps A, B, C above. A
ﬁrst step is to picture the new coordinate system; for this we use the same idea as for polar
coordinates, namely, we consider the grid formed by the level curves of the new coordinate
functions:
u=u0
u=u
(4) u(x, y) = u0, v(x, y) = v0 . 1
u=u2
Once we have this, algebraic and geometric intuition will usually handle
steps A and C, but for B we will need a formula: it uses a determinant v=v0
v=v
called the Jacobian, whose notation and deﬁnition are 1
v=v2
∂(x, y) � xu xv
�
(5) = .
∂(u, v) yu yv
Using it, the formula for the area element in the u, v-system is
�∂(x, y)�
�∂(u, v)�
(6) dA = du dv ,
1
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2 CHANGING VARIABLES IN MULTIPLE INTEGRALS
so the change of variable formula is
�∂(x, y)�
(7) f(x, y) dx dy = g(u, v) du dv ,
�∂(u, v)�
R R
where g(u, v) is obtained from f(x, y) by substitution, using the equations (3).
We will derive the formula (5) for the new area element in the next section; for now let’s
check that it works for polar coordinates.
Example 1. Verify (1) using the general formulas (5) and (6).
Solution. Using (2), we calculate:
∂(x, y)
=
xr xθ
=
cos θ −r sin θ
= r(cos2
θ + sin2
θ) = r ,
∂(r, θ) yr yθ sin θ r cos θ
so that dA = r dr dθ, according to (5) and (6); note that we can omit the absolute value,
since by convention, in integration problems we always assume r ≥ 0, as is implied already
by the equations (2).
We now work an example illustrating why the general formula is needed and how it is
used; it illustrates step C also — putting in the new limits of integration. 1
� � � �2
x − y -1
Example 2. Evaluate dx dy over the region R pictured.
x + y + 2
R
Solution. This would be a painful integral to work out in rectangular coordinates. -1
But the region is bounded by the lines
(8) x + y = ±1, x − y = ±1
and the integrand also contains the combinations x−y and x+y. These powerfully suggest
that the integral will be simpliﬁed by the change of variable (we give it also in the inverse
direction, by solving the ﬁrst pair of equations for x and y):
u + v u − v
(9) u = x + y, v = x − y; x = , y = .
2 2
We will also need the new area element; using (5) and (9) above. we get
∂(x, y) � 1/2 1/2 � 1
(10) = � = − ;
∂(u, v) � 1/2 −1/2 � 2
note that it is the second pair of equations in (9) that were used, not the ones introducing
u and v. Thus the new area element is (this time we do need the absolute value sign in (6))
1
(11) dA = du dv .
2
We now combine steps A and B to get the new double integral; substituting into the
integrand by using the ﬁrst pair of equations in (9), we get
� � � �2 � � � �2
x − y v 1
(12) dx dy = du dv .
x + y + 2 u + 2 2
R R
1
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CHANGING VARIABLES IN  MULTIPLE INTEGRALS
In uv-coordinates, the boundaries (8) of the region are simply u = ±1, v = ±1, so the
integral (12) becomes
� � � �2 � 1 � 1 � �2
v 1 v 1

du dv = du dv
u + 2 2 u + 2 2

R −1 −1
We have
v2
�u=1
v2
v3
�1
2

= .
inner integral = − = ; outer integral =
2(u + 2) u=−1 3 9 −1 9

 












	77. Problems: Change of  Variables
Compute
ZZ 
x + y
4
dx dy, where R is the square with vertices at (1, 0), (0, 1),
R 2 − x + y
(−1, 0) and (0, −1).
 


	78. y v
y
v =  1

1
v ˜
= −1 u = 1 u = 1
 R u = 1

R R
−
x x u

−1 1
u = −1 v = −1
−1

v = −1
Problems: Change of Variables


 
 4
x + y
Compute dx dy, where R is the square with vertices at (1, 0), (0, 1),
R 2
( 1, 0) and (0, 1).
− x + y
− −
Answer: Since the region is bounded by the lines x + y = ±1 and x − y = ±1, we make a
change of variables:
u = x + y v = x − y.
∂(u, v) ∂(x, y)
Computing the Jacobian: = = 1
∂(x, y)
−2 ⇒ /2.
∂(u, v)
−
1
Thus, dx dy = du dv.
2
Using either method 1 or method 2 we see the boundaries are given by u = ±1, v = ±1 ⇒



x 4
+ 4
y 1 1
u
 1

the integral is dx dy = du dv.
R w − x + y 2 v 2
−1 −1 −
u5


u=1
1

Inner integral =
 
 = .

10(2 − v)4 4
u= 5(2 − v
−1 )

 1
1 26
Outer integral =
 
 =
 .06.
15(2 − v)3
1 405
≈
−
We’re integrating the fourth power of a fraction whose numerator ranges between −1 and
1 and whose denominator ranges between 1 and 3. The value of this integrand will always
be positive and will often be small, so this answer seems reasonable.
y y
y
-- --
--
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Changing Variables in Multiple Integrals
dA
dθ
y
rd θ
2. The area element.
dr
In polar coordinates, we found the formula dA = r dr dθ for the area element by
drawing the grid curves r = r0 and θ = θ0 for the r, θ-system, and determining (see
the picture) the inﬁnitesimal area of one of the little elements of the grid.
For general u, v-coordinates, we do the same thing. The grid curves (4) divide up the
plane into small regions ΔA bounded by these contour curves. If the contour curves are close
together, they will be approximately parallel, so that the grid element will be approximately
a small parallelogram, and y
(13) ΔA ≈ area of parallelogram PQRS = |PQ × PR|
In the uv-system, the points P, Q, R have the coordinates
P : (u0, v0), Q : (u0 + Δu, v0), R : (u0, v0 + Δv) ;
to use the cross-product however in (13), we need PQ and PR in i j - coordinates.
Consider PQ ﬁrst; we have
(14) PQ = Δx i + Δy j ,
v=v 0 + Δv
S
v=v0
R ΔA
Q u=u0 +Δ u
P u=u0
x
where Δx and Δy are the changes in x and y as you hold v = v0 and change u0 to u0 + Δu.
According to the deﬁnition of partial derivative,
∂x ∂y
Δx ≈ Δu, Δy ≈ Δu;
∂u ∂u
0 0
so that by (14),
∂x ∂y
(15) PQ ≈ Δu i + Δu j .
∂u ∂u
0 0
In the same way, since in moving from P to R we hold u ﬁxed and increase v0 by Δv,
∂x ∂y
(16) PR ≈ Δv i + Δv j .
∂v ∂v
0 0
We now use (13); since the vectors are in the xy-plane, PQ × PR has only a k -component,
and we calculate from (15) and (16) that
� xuΔu yuΔu �
k -component of PQ × PR ≈ � xv yv
�
Δv Δv 0
� x x �
(17) = � u v
ΔuΔv ,
� y y �
u v 0
where we have ﬁrst taken the transpose of the determinant (which doesn’t change its value),
and then factored the Δu and Δv out of the two columns. Finally, taking the absolute
value, we get from (13) and (17), and the deﬁnition (5) of Jacobian,
�∂(x, y)�
�∂(u, v)�
0
ΔA ≈ ΔuΔv ;
passing to the limit as Δu, Δv → 0 and dropping the subscript 0 (so that P becomes any
point in the plane), we get the desired formula for the area element,
�∂(x, y)�
�∂(u, v)�
dA = � du dv .
1
 





	83. Problems: Polar Coordinates  and the Jacobian
p 1 y ∂(r, θ) 1
1. Let r = x2 + y2 and θ = tan−
. Directly calculate the Jacobian = .
x ∂(x, y) r
2. For the change of variables x = u, y =
√
r2 − u2, write dx dy in terms of u and r.
 


	84. Problems: Polar Coordinates  and the Jacobian



1. Let r =
 x
 .

−1 y ∂(r, θ) 1
2 + y2 and θ = tan . Directly calculate the Jacobian =
∂(x, y)

x
 r

Answer: Because we are familiar with the change of variables from rectangular to polar
∂(r, θ) ∂(x, y)
coordinates and we know that · = 1, this result should not come as a surprise.
∂(x, y) ∂(r, θ)

 

∂(r, θ)
 rx ry
=

θx θy
∂(x, y)


 

2x 2y
√ √
2 2
2 x2+y 2 x2+y
−y/x2 1/x
=

1+(y/x)2
x √ y
√
1+(y/x)2


2 2
x2+y x2+y
=

− y
2
x
2+y 2
2+y
x x

 

x y
r r
=

− y x
2 2
r r
x2 + y2 1

= = .
3
r r
√
For the change of variables x = u, y = r2 − u2, write dx dy in terms of u and r.
2.

∂(x, y)

Answer: We know dx dy =
 du dr.

∂(u, r)


 

∂(x, y)
 xu xr
=

∂(u, r)
 yu yr

 

1 0

−u
√ √ r
r2−u2 r2−u2
r
=

= √
2 − u2
r
r
Hence dx dy = √ du dr.
r2 − u2
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	103. Changing Variables in  Multiple Integrals
3. Examples and comments; putting in limits.
If we write the change of variable formula as
 


	104. ∂(x, y)  


	105. (18) f(x, y)  dx dy = g(u, v) du dv ,
R R ∂(u, v)
where
∂(x, y)  


	106. xu xv
  


	107. (19) = ,  g(u, v) = f(x(u, v), y(u, v)),
∂(u, v) yu yv
it looks as if the essential equations we need are the inverse equations:
(20) x = x(u, v), y = y(u, v)
rather than the direct equations we are usually given:
(21) u = u(x, y), v = v(x, y) .
If it is awkward to get (20) by solving (21) simultaneously for x and y in terms of u and v,
sometimes one can avoid having to do this by using the following relation (whose proof is
an application of the chain rule, and left for the Exercises):
∂(x, y) ∂(u, v)
(22) = 1
∂(u, v) ∂(x, y)
The right-hand Jacobian is easy to calculate if you know u(x, y) and v(x, y); then the left
hand one — the one needed in (19) — will be its reciprocal. Unfortunately, it will be in
terms of x and y instead of u and v, so (20) still ought to be needed, but sometimes one
gets lucky. The next example illustrates.
y
Example 3. Evaluate dx dy, where R is the region pictured, having
R x
as boundaries the curves x2
− y2
= 1, x2
− y2
= 4, y = 0, y = x/2 .
Solution. Since the boundaries of the region are contour curves of x2
− y2
and y/x ,
and the integrand is y/x, this suggests making the change of variable
(23) u = x2
− y2
, v =
y
.
x
We will try to get through without solving these backwards for x, y in terms of u, v. Since
changing the integrand to the u, v variables will give no trouble, the question is whether we
can get the Jacobian in terms of u and v easily. It all works out, using (22):
∂(u, v)  


	108. 2x −2y   


	109. 2 ∂(x, y)  1
∂(x, y)
=
−y/x2
1/x
= 2 − 2y2
/x2
= 2 − 2v ; so
∂(u, v)
=
2(1 − v2)
,
1
y=x/
x -y =
x -y =
2 2
2 2 2
1
4
R
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according to (22). We use now (18), put in the limits, and evaluate; note that the answer is
positive, as it should be, since the integrand is positive.
y v
x
dx dy =
2(1 − v2)
du dv
R R
Z 1/2 Z 4
v
= du dv
2(1 − v2)
0 1
3
1/2
3 3
= −
4
ln(1 − v2
) = −
4
ln
4
.
0
Putting in the limits
In the examples worked out so far, we had no trouble ﬁnding the limits of integration,
since the region R was bounded by contour curves of u and v, which meant that the limits
were constants.
If the region is not bounded by contour curves, maybe you should use a diﬀerent change of
variables, but if this isn’t possible, you’ll have to ﬁgure out the uv-equations of the boundary
curves. The two examples below illustrate.
Z 1 Z x
Example 4. Let u = x + y, v = x − y; change dy dx to an iterated integral
0 0
du dv.
∂(x, y)
Solution. Using (19) and (22), we calculate = −1/2, so the Jacobian factor
∂(u.v)
in the area element will be 1/2.
1
To put in the new limits, we sketch the region of integration, as shown at the
right. The diagonal boundary is the contour curve v = 0; the horizontal and vertical
boundaries are not contour curves — what are their uv-equations? There are two
ways to answer this; the ﬁrst is more widely applicable, but requires a separate
calculation for each boundary curve.
Method 1 Eliminate x and y from the three simultaneous equations u = u(x, y), v = v(x, y),
and the xy-equation of the boundary curve. For the x-axis and x = 1, this gives
 
 u = x + y  u = x + y 
  u = 1 + y

v = x − y ⇒ u = v;

v = x − y ⇒
v =
⇒ u + v = 2.

y = 0

x = 1
1 − y
Method 2 Solve for x and y in terms of u, v; then substitute x = x(u, v), y = y(u, v) into
the xy-equation of the curve.
Using this method, we get x = 2
1
2
1
(u+v), y = (u−v); substituting into the xy-equations:
1 1
y = 0 ⇒
2
(u − v) = 0 ⇒ u = v; x = 1 ⇒
2
(u + v) = 1 ⇒ u + v = 2.
RR
To supply the limits for the integration order du dv, we
1
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1. ﬁrst hold v ﬁxed, let u increase; this gives us the dashed lines shown;
2. integrate with respect to u from the u-value where a dashed line enters 1
R (namely, u = v), to the u-value where it leaves (namely, u = 2 − v).
3. integrate with respect to v from the lowest v-values for which the
dashed lines intersect the region R (namely, v = 0), to the highest such v-
value (namely, v = 1).
Z 1 Z 2−v
1
Therefore the integral is du dv .
2
0 v
3
v=0
v=v0
u=2-v
v=1
1
u=v
(As a check, evaluate it, and conﬁrm that its value is the area of R. Then try setting up
the iterated integral in the order dv du; you’ll have to break it into two parts.)
Example 5. Using the change of coordinates u = x2 2
, v = y/x of Example
Z Z − y
dxdy
3, supply limits and integrand for , where R is the inﬁnite region in the ﬁrst
x2
R
quadrant under y = 1/x and to the right of x2
− y2
= 1.
Solution. We have to change the integrand, supply the Jacobian factor, and put in the
right limits.
To change the integrand, we want to express x2
in terms of u and v; this suggests
eliminating y from the u, v equations; we get
u
2 2 2 2 2 2
u = x , y = vx u = x v x x = .
− y ⇒ − ⇒
1 − v2
1
From Example 3, we know that the Jacobian factor is ; since in the region R we
2(1 − v2)
have by inspection 0 ≤ v  1, the Jacobian factor is always positive and we don’t need the
absolute value sign. So by (18) our integral becomes
dx dxy 1 − v2
du dv
= du dv =
x2 2u(1 − v2) 2u
R R R
Finally, we have to put in the limits. The x-axis and the left-hand boundary curve
x2
− y2
= 1 are respectively the contour curves v = 0 and u = 1; our problem is the upper
boundary curve xy = 1. To change this to u − v coordinates, we follow Method 1:
 2 2
 u = x 
 − y
u = x2
− 1/x2
1

y = vx ⇒
v = 1/x2
⇒ u =
v
− v .

xy = 1
The form of this upper limit suggests that we should integrate ﬁrst with
respect to u. Therefore we hold v ﬁxed, and let u increase; this gives the
dashed ray shown in the picture; we integrate from where it enters R at
1
xy=
x -y =
1
1
2 2
u= /v-v
1
u=1
P
v=a
O
u = 1 to where it leaves, at u =
v
− v.
The rays we use are those intersecting R: they start from the lowest ray, corresponding
to v = 0, and go to the ray v = a, where a is the slope of OP. Thus our integral is
Z a Z 1/v−v
du dv
.
2u
0 1
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To complete the work, we should determine a explicitly. This can be done by solving
xy = 1 and x2
− y2
= 1 simultaneously to ﬁnd the coordinates of P. A more elegant
approach is to add y = ax (representing the line OP) to the list of equations, and solve all
three simultaneously for the slope a. We substitute y = ax into the other two equations,
and get  2
ax = 1 −1 +
√
5
x2
(1 − a2
) = 1
⇒ a = 1 − a2
⇒ a =
2
,
by the quadratic formula.
 






	117. Problems: Change of  Variables Example
Use a change of variables to ﬁnd the area of the region bounded by the curves y = x2,
y = 2x2, y = 1/x, and y = 2/x.
 


	118. Problems: Change of  Variables Example

Use a change of variables to ﬁnd the area of the region bounded by the curves y = x2,
y = 2x2, y = 1/x, and y = 2/x.
Answer: Draw a picture:
The region is roughly diamond shaped. The top and bottom of the diamond have x coor
dinate 1, so we could split the area into left and right halves and compute the area using
techniques from single variable calculus.
Instead, we rewrite the equations describing the boundary of the region as follows:
xy = 1, xy = 2, y/x2
= 1, y/x2
= 2.
If we let u = xy and v = y/x2, the boundary curves become u = 1, u = 2, v = 1 and v = 2.
The Jacobian is then:

∂(u, v)

∂(x, y)

=
 
 
=

y x
 3y

= 3v.

−2y 1
3
2
x

x x2
Noting that v is positive throughout the region, we get:

1
 1

dx dy =
 du dv = du dv.
3v
∂(u,v)
∂(x,y)
Finally, we compute:
2 2
1 1
Area = dx dy = du dv = ln 2 ≈ 0.23.
3v 3
R 1 1
We refer to our original sketch to conﬁrm that this is a plausible result. We could also check
our work by computing the area using single variable calculus.
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3. Double Integrals

3A. Double Integrals in Rectangular Coordinates

3A-1 Evaluate each of the following iterated integrals:
Z 2 Z 1 Z π/2 Z π

a) (6x2
+ 2y) dy dx b) (u sin t + t cos u) dt du

0 −1 0 0

2
Z 1 Z x Z 1 Z u p
c) 2x2
y dy dx d) u2 + 4 dv du
√
0 x 0 0
3A-2 Express each double integral over the given region R as an iterated integral, using
the given order of integration. Use the method described in Notes I to supply the limits of
integration. For some of them, it may be necessary to break the integral up into two parts.
In each case, begin by sketching the region.
a) R is the triangle with vertices at the origin, (0, 2), and (−2, 2).
Express as an iterated integral: i) dy dx ii) dx dy
R R
b) R is the ﬁnite region between the parabola y = 2x − x2
and the x-axis.
Express as an iterated integral: i) dy dx ii) dx dy
R R
c) R is the sector of the circle with center at the origin and radius 2 lying between the
x-axis and the line y = x.
Express as an iterated integral: i) dy dx ii) dx dy
R R
d)* R is the ﬁnite region lying between the parabola y2
= x and the line through (2, 0)
having slope 1.
Express as an iterated integral: i) dy dx ii) dx dy
R R
3A-3 Evaluate each of the following double integrals over the indicated region R. Choose
whichever order of integration seems easier — given the integrand, and the shape of R.
a) x dA; R is the ﬁnite region bounded by the axes and 2y + x = 2
R
b) (2x + y2
) dA; R is the ﬁnite region in the ﬁrst quadrant bounded by the axes
R
and y2
= 1 − x; (dx dy is easier).
c) y dA; R is the triangle with vertices at (±1, 0), (0, 1).
R
3A-4 Find by double integration the volume of the following solids.
a) the solid lying under the graph of z = sin2
x and over the region R bounded below by
the x-axis and above by the central arch of the graph of cos x
b) the solid lying over the ﬁnite region R in the ﬁrst quadrant between the graphs of x
and x2
, and underneath the graph of z = xy..
c) the ﬁnite solid lying underneath the graph of x2
−y2
, above the xy-plane, and between
the planes x = 0 and x = 1
1
 


	120. Z Z
Z Z
2  E. EXERCISES
3A-5 Evaluate each of the following iterated integrals, by changing the order of integration
(begin by ﬁguring out what the region R is, and sketching it).
Z 2 Z 2 Z 1/4 Z 1/2 u Z 1 Z 1
2 e 1
a) e−y
dy dx b) du dt c) du dx
√ u x1/3 1 + u4
0 x 0 t 0
3A-6 Each integral below is over the disc consisting of the interior R of the unit circle,
centered at the origin. For each integral, use the symmetries of R and the integrand
i) to identify its value as zero; or if its value is not zero,
ii) to ﬁnd a double integral which is equivalent (i.e., has the same value), but which has
a simpler integrand and/or is taken over the ﬁrst quadrant (if possible), or over a half-disc.
(Do not evaluate the integral.)
Z Z Z Z Z Z Z Z Z Z Z Z
x dA; ex
dA; x2
dA; x2
y dA; (x2
+ y)dA; xy dA
R R R R R R
RR RR
3A-7 By using the inequality f ≤ g on R ⇒ R
f dA ≤ R
g dA, show the following
estimates are valid:
dA
a) ≤ area of R
1 + x4 + y4
R
x dA
b)  .35, R is the square 0 ≤ x, y ≤ 1.
1 + x2 + y2
R
3B. Double Integrals in Polar Coordinates
In evaluating the integrals, the following deﬁnite integrals will be useful:

1 · 3 · 5 · · · · · (n − 1) π

Z π/2 Z π/2  , if n is an even integer ≥ 2
sinn
x dx = cosn
x dx = 2 · 4 · · · · · · n 2
 2 · 4 · · · · · (n − 1)
0 0  , if n is an odd integer ≥ 3.
1 · 3 · · · · · · · · n
Z π/2 Z π/2 Z π/2
π 2 3π
For example: sin2
x dx = , sin3
x dx = , sin4
x dx = ,
4 3 16
0 0 0
and the same holds if cos x is substituted for sin x.
3B-1 Express each double integral over the given region R as an iterated integral in polar
coordinates. Use the method described in Notes I to supply the limits of integration. For
some of them, it may be necessary to break the integral up into two parts. In each case,
begin by sketching the region.
a) The region lying inside the circle with center at the origin and radius 2. and to the
left of the vertical line through (−1, 0).
b)* The circle of radius 1, and center at (0, 1).
c) The region inside the cardioid r = 1 − cos θ and outside the circle of radius 3/2 and
center at the origin.
d) The ﬁnite region bounded by the y-axis, the line y = a, and a quarter of the circle of
radius a and center at (a, 0).
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3. DOUBLE INTEGRALS 3
3B-2 Evaluate by iteration the double integrals over the indicated regions. Use polar
coordinates.
dA
a) ; R is the region inside the ﬁrst-quadrant loop of r = sin 2θ.
R r
dx dy 2 2 2
b) ; R is the ﬁrst-quadrant portion of the interior of x + y = a
1 + x2 + y2
R
c) tan2
θ dA; R is the triangle with vertices at (0, 0), (1, 0), (1, 1).
R
d) p
dx dy
; R is the right half-disk of radius 1
centered at (0, 1
).
R 1 − x2 − y2 2 2
3B-3 Find the volumes of the following domains by integrating in polar coordinates:
a) a solid hemisphere of radius a (place it so its base lies over the circle x2
+ y2
= a2
)
b) the domain under the graph of xy and over the quarter-disc region R of 3B-2b
c) the domain lying under the cone z = x2 + y2 and over the circle of radius one and
center at (0, 1)
d) the domain lying under the paraboloid z = x2
+ y2
and over the interior of the
right-hand loop of r2
= cos θ.
3B-4* Sometimes students wonder if you can do a double integral in polar coordinates
iterating in the opposite order: R
dθ dr . Though this is uncommon, just to see if you can
carry out in a new situation the basic procedure for putting in the limits, try supplying the
limits for this integral over the region bounded above by the lines x = 1 and y = 1, and
below by a quarter of the circle of radius 1 and center at the origin.
3C. Applications of Double Integration
If no coordinate system is speciﬁed for use, you can use either rectangular or polar
coordinates, whichever is easier. In some of the problems, a good placement of the ﬁgure in
the coordinate system simpliﬁes the integration a lot.
3C-1 Let R be a right triangle, with legs both of length a, and density 1. Find the following
((b) and (c) can be deduced from (a) with no further calculation)
a) its moment of inertia about a leg;
b) its polar moment of inertia about the right-angle vertex;
c) its moment of inertia about the hypotenuse.
3C-2 Find the center of mass of the region inside one arch of sin x, if: a) δ = 1 b) δ = y
3C-3 D is a diameter of a disc of radius a, and C is a chord parallel to D with distance c
from it. C divides the disc into two segments; let R be the smaller one. Assuming δ = 1,
ﬁnd the moment of R about D, giving the answer in simplest form, and using
(a) rectangular coordinates; (b) polar coordinates.
3C-4 Find the center of gravity of a sector of a circular disc of radius a, whose vertex angle
is 2α. Take δ = 1.
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3C-5 Find the polar moment of inertia of one loop of the lemniscate r2
= a2
cos 2θ about
the origin. Take δ = 1.
3D. Changing Variables in Multiple Integrals
x − 3y
3D-1 Evaluate dx dy , where R is the parallelogram bounded on the sides by
R 2x + y
y = −2x + 1 and y = −2x + 4, and above and below by y = x/3 and y = (x − 7)/3. Use a
change of variables u = x − 3y, v = 2x + y.
x − y
3D-2 Evaluate cos dx dy by making the change of variables u = x + y,
R x + y
v = x − y; take as the region R the triangle with vertices at the origin, (2,0) and (1,1).
3D-3 Find the volume underneath the surface z = 16 − x2
− 4y2
and over the xy-plane;
simplify the integral by making the change of variable u = x, v = 2y.
3D-4 Evaluate (2x − 3y)2
(x + y)2
dx dy , where R is the triangle bounded by the
R
positive x-axis, negative y-axis, and line 2x − 3y = 4, by making a change of variable
u = x + y, v = 2x − 3y.
3D-5 Set up an iterated integral for the polar moment of inertia of the ﬁnite “triangular”
region R bounded by the lines y = x and y = 2x, and a portion of the hyperbola xy = 3. Use
a change of coordinates which makes the boundary curves grid curves in the new coordinate
system.
3D-6* Verify that the Jacobian gives the right volume element in spherical coordinates.
Recall spherical coordinates have
x = ρ sin φ cos θ, y = ρ sin φ sin θ, z = ρ cos φ
and the volume element is ρ2
sin φ dρ dφ dθ.
3D-7* Using the coordinate change u = xy, v = y/x, set up an iterated integral for the
polar moment of inertia of the region bounded by the hyperbola xy = 1, the x-axis, and the
two lines x = 1 and x = 2. Choose the order of integration which makes the limits simplest.
3D-8 For the change of coordinates in 3D-7, give the uv-equations of the following curves:
a) y = x2
b) x2
+ y2
= 1 .
∂(x, y) ∂(u, v)
3D-9* Prove the relation between Jacobians: = 1 ;
∂(u, v) ∂(x, y)
use the chain rule for partial diﬀerentiation, and the rule for multiplying determinants:
|AB| = |A||B|, where A and B are square matrices of the same size.
Z 1 Z x
3D-10* Let u = x + y and v = x − y; change dy dx to an iterated integral in the
Z Z 0 0
order dv du, and check your work by evaluating it. (You will have to break the region
R
up into two pieces, using diﬀerent limits of integration for the pieces.)
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3A. Double integrals in rectangular coordinates
3A-1
�1 �2
a) Inner: 6x2
y + y2
= 12x2
; Outer: 4x3
= 32 .
y=−1 0
�π
b) Inner: −u cos t + 1
t2
cos u = 2u + 1
π2
cos u
2 2
t=0
�π/2

Outer: u2
+ 2
1
π2
sin u = (2
1
π)2
+ 2
1
π2
= 4
3
π2
.

0

2
�x �1
7 1 4 1 1 3
c) Inner: x2
y2
√
x
= x6
− x3
; Outer: 7
1
x − 4 x
0
= 7 − 4 = −28
d) Inner: v
√
u2 + 4
�u
= u
√
u2 + 4; Outer: 3
1
(u2
+ 4)3/2
�1
= 3
1
(5
√
5 − 8)
0 0
3A-2
� � � 0 � 2 � � � 2 � 0
a) (i) dy dx = dy dx (ii) dx dy = dx dy
R −2 −x R 0 −y
b) i) The ends of R are at 0 and 2, since 2x − x2
= 0 has 0 and 2 as roots.
2
� � � 2 � 2x−x
dydx = dydx
R 0 0
ii) We solve y = 2x − x2
for x in terms of y: write the equation as
x2
−2x+y = 0 and solve for x by the quadratic formula, getting x = 1±
√
1 − y.
Note also that the maximum point of the graph is (1, 1) (it lies midway between
the two roots 0 and 2). We get
� � � 1 � 1+
√
1−y
dxdy = dxdy,
R 0 1−
√
1−y
y=-x
x
y
2
1 2
y=2x-x 2
� � � √
2 � x � 2 � √
4−x2
c) (i) dy dx = dy dx + dy dx
2
y=x
√
R 0 0 2 0
� � � √
2 � √
4−y2
(ii) dx dy = dx dy 2 2
R 0 y
d) Hint: First you have to ﬁnd the points where the two curves intersect, by solving
simultaneously y2
= x and y = x − 2 (eliminate x).
The integral dy dx requires two pieces; dx dy only one.
R R
� � � 2 � 1−x/2
3A-3 a) x dA = x dy dx;
R 0 0 �2

Inner: x(1 − 1
2 x) Outer: 1
2 x2
− 1
6 x3
0
= 4
2 − 8
6 = 2
3
.
1
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2
� � � 1 � 1−y
b) (2x + y2
) dA = (2x + y2
) dx dy
R 0 0
�1−y2 �1

Inner: x2
+ y2
x = 1 − y2
; Outer: y − 3
1 3
3
2

y = .
0 0
� � � 1 � 1−y
c) y dA = y dx dy
R 0 y−1

�1−y �1

Inner: xy
y−1
= y[(1 − y) − (y − 1)] = 2y − 2y2
Outer: y2
− 2
y3
0
= 1

.
3 3
� � � π/2 � cos x
3A-4 a) sin2
x dA = sin2
x dy dx
R −π/2 0
�cos x �
Inner: y sin2
x = cos x sin2
x Outer: 1
sin3
x −π/2
π/2
= 1 2
(1 − (−1)) = .
3 3 3
0
� � � 1 � x
b) xy dA = (xy) dy dx.
R 0 x2
�x
� 4 6
�1
1 x x 1 1 1
Inner: 1
xy2
= 1
(x3
x5
) Outer: .
2
x2 2 −
2 4
−
6
=
2
·
12
=
24
0
c) The function x2
− y2
is zero on the lines y = x and y = −x,
and positive on the region R shown, lying between x = 0 and x = 1.
y=x
Therefore
� � � 1 � x

Volume = (x2
− y2
) dA = (x2
− y2
) dy dx.
 1
2
R 0 −x

�x �1
 y=-x y=x
Inner: x2
y − 1
3 y3
−x
= 4
3 x3
; Outer: 1
3 x4
0
= 1
3 .
2
5a
� 2 � 2 � 2 � y � 2
2 2 2 2
1 �2 1
3A-5 a) e−y
dy dx = e−y
dx dy = e−y
y dy = −
2
e−y
0
=
2
(1 − e−4
)
0 x 0 0 0
1 1 1 2 1 1
u u
u
4 2 e 2 e 2 �2 1 1
√
e
b) du dt = dt du = u eu
du = (u − 1)eu
= 1 −
√ 3
0 t u 0 0 u 0 0 2 x=u
3
� 1 � 1 � 1 � u � 1 3 �1 1
1 1 u 1 ln 2
. 5c
c) du dx = dx du = du = ln(1 + u4
) =
0 x1/3 1 + u4
0 0 1 + u4
0 1 + u4 4 0 4
3A-6 0; 2 ex
dA, S = upper half of R; 4 x2
dA, Q = ﬁrst quadrant
S Q
0; 4 x2
dA; 0
Q
1
3A-7 a) x4
+ y4
≥ 0
x4 + y4
≤ 1
⇒
1 +
x dA 1 1
x 1 �1 ln 2 .7
b)
R 1 + x2 + y2
≤
0 0 1 + x2
dx dy =
2
ln(1 + x2
)
0
=
2

2
.
1/2
1/4
t=u2
5b
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3B.  Double Integrals in polar coordinates
3B-1
a) In polar coordinates, the line x = −1 becomes r cos θ = −1, or
r = − sec θ. We also need the polar angle of the intersection points; since
the right triangle is a 30-60-90 triangle (it has one leg 1 and hypotenuse
2), the limits are (no integrand is given):
-2
1
2
� � � 4π/3 � 2
dr dθ = dr dθ.
R 2π/3 − sec θ
c) We need the polar angle of the intersection points. To ﬁnd it,
we solve the two equations r = 3
2 and r = 1 − cos θ simultanously.
Eliminating r, we get 3
2 = 1 − cos θ, from which θ = 2π/3 and 4π/3. -2
Thus the limits are (no integrand is given):
� � � 4π/3 � 1−cos θ
dr dθ = dr dθ.
R 2π/3 3/2
d) The circle has polar equation r = 2a cos θ. The line y = a has polar
equation r sin θ = a, or r = a csc θ. Thus the limits are (no integrand):
� � � π/2 � a csc θ
dr dθ = dr dθ.
a
a
R
R π/4 2a cos θ
r=sin θ
x=1
r= sin2 θ a r=a r=sec θ
a 1
1
2a 2b 2c 2d
� π/2 � sin 2θ � π/2
r dr dθ 1 �π/2 1
3B-2 a) = sin 2θ dθ =
r
−
2
cos 2θ
0
= −
2
(−1 − 1) = 1.
0 0 0
� π/2 a
r π 1 �a π
b) dr dθ = ln(1 + r2
) = ln(1 + a2
).
0 0 1 + r2 2
·
2 0 4
π/4 sec θ
1 π/4
1 �π/4 1
c) tan2
θ r dr dθ = tan2
θ sec2
θ dθ = tan3
θ = .
·
2 6 0 6
0 0 0

� π/2 � sin θ

r
d) dr dθ
r2
0 0
√
1 −
Inner: −
√
1 − r2
�sin θ
= 1 − cos θ Outer: θ − sin θ
�π/2
= π/2 − 1.
0 0
3B-3 a) the hemisphere is the graph of z = a2 − x2 − y2 =
√
a2 − r2, so we get
3/2
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� � � 2π � a
� � 1 �a 1 2
a2 r2 dA = a2 r2 r dr dθ =
− − 2π · −
3
(a2
− r2
)3/2
0
= 2π ·
3
3
3
πa3
.
a =
R 0 0

� π/2 � a � a � π/2 4 4

a 1 a
b) (r cos θ)(r sin θ)r dr dθ = r3
dr sin θ cos θ dθ = = .
4
·
2 8
0 0 0 0
c) In order to be able to use the integral formulas at the beginning of 3B, we use symmetry
about the y-axis to compute the volume of just the right side, and double the answer.
� � � � π/2 � 2 sin θ � π/2
1

x2 + y2 dA = 2 r r dr dθ = 2
 (2 sin θ)3
dθ
3
R 0 0 0
8 2 32
= 2 = , by the integral formula at the beginning of 3B.
·
3
·
3 9
√
� π/2 � cos θ � π/2
1 1 π π r2=cosθ
d) 2 r2
r dr dθ = 2 cos2
θ dθ = 2 = .
4
·
4
·
4 8
0 0 0
3C. Applications of Double Integration
3C-1 Placing the ﬁgure so its legs are on the positive x- and y-axes,
2
a) M.I. =
a a−x
x2
dy dx Inner: x y
�a−x
= x2
(a − x); Outer:
1 3 1 4
�a 1 4
x = a .
0 3
x a −
4 0 12
0 0
1
r=2sinθ
x
y
top view
1 1 1
y=a-x
b) (x2
+ y2
) dA = x2
dA + y2
dA = 4 4 4 a
a + a = a .
12 12 6
R R R
a
a
c) Divide the triangle symmetrically into two smaller triangles, their legs are √
2
;
a
1 � a �4 a4
Using the result of part (a), M.I. of R about hypotenuse = 2 ·
12
√
2
=
24
a
2
3C-2 In both cases, x̄ is clear by symmetry; we only need ȳ.
� � � π
a) Mass is dA = sin x dx = 2
R 0
� � � π � sin x � π
1 π π
y-moment is y dA = y dy dx = sin2
x dx = ; therefore ȳ = .
2 4 8
R 0 0 0
π
b) Mass is y dA = , by part (a). Using the formulas at the beginning of 3B,
4
R
� � � π � sin x � π/2
sin3
x 1 2 4

y-moment is y2
dA = y2
dy dx = 2 dx = 2
 =
3
·
3
·
3 9
,
R 0 0 0
4 4 16
Therefore ȳ = = .
9
·
π 9π
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3C-3 Place  the segment either horizontally or vertically, so the diameter is respectively on
the x or y axis. Find the moment of half the segment and double the answer.
(a) (Horizontally, using rectangular coordinates) Note that a2
c2
= b2
.
−
� b � √
a2−x2 � b
1 2 2 1�
b2 x3 �b 1 2
y dy dx =
2
(a − x − c2
) dx =
2
x −
3 0
=
3
b3
; ans:
3
b3
.

0 c 0

(b) (Vertically, using polar coordinates). Note that x = c becomes r = c sec θ.
� α � a �a
Moment = (r cos θ) r dr dθ Inner: 1
r3
cos θ = 1
(a3
cos θ − c3
sec2
θ)
3 3
0 c sec θ c sec θ
� �α 2
Outer: 1
a3
sin θ − c3
tan θ = 1
(a2
b − c2
b) = 1
b3
; ans: b3
.
3 3 3
0 3
3C-4 Place the sector so its vertex is at the origin and its axis of symmetry lies along the
positive x-axis. By symmetry, the center of mass lies on the x-axis, so we only need ﬁnd x̄.
2α
Since δ = 1, the area and mass of the disc are the same: πa2
= a2
α.
·
2π
� α a �a
x-moment: 2 r cos θ r dr dθ Inner: 2
r3
cos θ ;
· 3
0
0 0
�α 2
a3
sin α 2 sin α
Outer: 2
a3
sin θ = 2 3
a3
sin α x̄ = = a .
3
0
3 a2α 3
· ·
α
α
a
3C-5 By symmetry, we use just the upper half of the loop and double the answer. The
upper half lies between θ = 0 and θ = π/4.
√
� π/4 � a cos 2θ � π/4
1
2 r2
r dr dθ = 2 a4
cos2
2θ dθ
4
0 0 0
a4 π/2
a4
1 π πa4
r2=cos2θ
Putting u = 2θ, the above = cos2
u du = = .
2 2 4
·
2
·
2 16
· 0
b
b
c a
a
a
α
a
c
x +y =a
r=a
2 2 2
3D. Changing Variables
3D-1 Let u = x − 3y, v = 2x + y;
∂(u, v)
= �
�
�
2
1 −
1
3
�
�
� = 7;
∂(x, y)
=
1
.
∂(x, y) ∂(u, v) 7
� � � 7 � 4
x − 3y
dx dy =
1 u
dv du
R 2x + y 7 0 1 v

�4 �7

49 ln 4 1 49 ln 4
Inner: u ln v = u ln 4; Outer: 1
2 u2
ln 4 = ; Ans: = 7 ln 2
2 7 2
1 0
u = 0
u = 7
v = 1 v= 4
R
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∂(u, v) ∂(x, y) 1
3D-2 Let u = x + y, v = x − y. Then = 2; = .
∂(x, y) ∂(u, v) 2
To get the uv-equation of the bottom of the triangular region:

y = 0 u = x, v = x u = v.

⇒ ⇒
� � � � � 2 � u
R
v=0 u =2
cos
x − y
dx dy =
1 v
cos dv du
R x + y 2 0 0 u
u = v
�u �2
v u
Inner: u sin = u sin 1 Outer: 1
u2
sin 1 = 2 sin 1 Ans: sin 1 =0
2
u 0 0
∂(x, y) � 1 0 � 1
3D-3 Let u = x, v = 2y; = � 1 � =
∂(u, v) 0 2 2
Letting R be the elliptical region whose boundary is x2
+ 4y2
and u2
+ v2
= 16 in uv-coordinates (a circular disc), we have
1
(16 − x2
− 4y2
) dy dx =
2
(16 − u2
− v2
) dv du
R R
= 16 in xy-coordinates,
1
� 2π � 4 �
r2
r4
�4
=
2
(16 − r2
) r dr dθ = π 16
2
−
4
=
0
∂(x, y)
=
∂(u, v)
It is best to integrate ﬁrst over the lines shown, v = c; this means v is
held constant, i.e., we are integrating ﬁrst with respect to u. This gives v=-
� � � 4 � v/2
du dv
(2x − 3y)2
(x + y)2
dx dy = v2
u2
.
5
R 0 −v/3
v2
3
�v/2
v2
3
�
1
�
v6
�
1 1
�4
46
�
1
Inner: u = v
8
−
−1
Outer: + =
15 15 27 6 15 8 27 6 15 8
−v/3 0
· ·
3D-5 Let u = xy, v = y/x; in the other direction this gives y2
= uv, x2
= u/v.
∂(u, v) � y x � 2y ∂(x, y) 1
We have = =
∂(x, y) −y/x2
1/x x
= 2v;
∂(u, v)
=
2v
; this gives
� � � 3 � 2
u 1
(x2
+ y2
) dx dy = + uv dv du.
v 2v
R 0 1
�2 � � �3
u 1 1 1 3u 3 2 27
Inner:
−
2v
u
+
2
v = u −
4
+ 1 +
2
−
2
=
4
; Outer:
8
u =
8
.
1 0
0 0
∂(u, v) � 1 1 �
3D-4 Let u = x + y, v = 2x − 3y; then
∂(x, y)
=
2
= −5;
−3
We next express the boundary of the region R in uv-coordinates.
For the x-axis, we have y = 0, so u = x, v = 2x, giving v = 2u.
For the y-axis, we have x = 0, so u = y, v = −3y, giving v = −3u.
64π.
1
.
5
v=0

v=
2 u

v=4
3u
1
+ .
27
(v=2)
y=2x
(v=1)
y=x
xy=3
(u=3)
u=0
R
3D-8 a) y = x2
; therefore u = x3
, v = x, which gives u = v3
.
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u v
b) We  get
v
+ uv = 1, or u =
v2 + 1
; (cf. 3D-5)
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