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book that covers modeling with all types of differential equations in one volume.
Until now. Mathematical Modeling: Models, Analysis and Applications covers
modeling with all kinds of differential equations, namely ordinary, partial, delay, and
stochastic. The book also contains a chapter on discrete modeling, consisting of
differential equations, making it a complete textbook on this important skill needed
for the study of science, engineering, and social sciences.
More than just a textbook, this how-to guide presents tools for mathematical
modeling and analysis. It offers a wide-ranging overview of mathematical ideas
and techniques that provide a number of effective approaches to problem solving.
Topics covered include spatial, delayed, and stochastic modeling. The text provides
real-life examples of discrete and continuous mathematical modeling scenarios.
MATLAB®
and Mathematica®
are incorporated throughout the text. The examples
and exercises in each chapter can be used as problems in a project.
Features
• Addresses all aspects of mathematical modeling with mathematical tools used
in subsequent analysis
• Incorporates MATLAB and Mathematica
• Covers spatial, delayed, and stochastic models
• Presents real-life examples of discrete and continuous scenarios
• Includes examples and exercises that can be used as problems in a project
Since mathematical modeling involves a diverse range of skills and tools, the author
focuses on techniques that will be of particular interest to engineers, scientists, and
others who use models of discrete and continuous systems. He gives students a
foundation for understanding and using the mathematics that is the basis of com-
puters, and therefore a foundation for success in engineering and science streams.
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	12. Foreword
When we talk  about mathematical modeling it is worthwhile to discuss a
concept of a model that is considerably wider than just the concept of a
mathematical model. It is very diﬃcult, if not impossible, to give a precise
deﬁnition of the notion of a model covering the wide spectrum of possibilities.
We shall be satisﬁed with the following statement: A model is an image of
a sector of reality which is created in order to accomplish a given
task. Consequently the starting point of a modeling process has to be the
identiﬁcation of the purpose to be satisﬁed by the model and the task to be
accomplished by the modeling process. This is essential, because it determines
both the sector of reality to be considered and the type of model to be created.
It is important that the model preserves those structures of the real world that
are essential for the goals of the modeling process. It is equally important that
the model does not include unnecessary features. An obvious reason for this
is that otherwise the model may become intractable numerically (if it is a
mathematical model). However, because of the enormous progress made in
computing technology this reason nowadays is in many cases of little impor-
tance. The real, but less obvious, reason is that unnecessary components of a
model may obscure the structure which is important in view of the problem
to solve or they may hide the mechanisms that are essential for the aims of
the modeling process. To determine what is important and has to be included
in a model and what is not important and therefore should be neglected is
the essence of modeling.
Types of Models. The “deﬁnition” of a model given above includes a rather
wide range of diﬀerent types of models including, of course, mathematical
models. Even if we are mainly interested in mathematical models it is useful
to also consider other types of models in order to demonstrate that certain
guidelines should be observed in a modeling process. Below we list a few types
of models:
• Verbal descriptions: Here the sector of reality could be a political event,
like a session of parliament or a demonstration, and the image, i.e., the
model, text in a newspaper. Ideally one would assume that the goal
for writing the article is to give an unbiased report of the event which
captures the politically relevant facts correctly. However, the purpose of
the model (i.e., of the article) could also be diﬀerent. For example the
text should create the impression in the reader that the event demon-
vii
 


	13. viii
strates the superiority  of the program of a certain political party over
the program of another party. Other examples of models in the form of
a verbal description are, for instance, witness reports in the case of a
car accident, or minutes of a meeting.
• Structured lists of measurements: Such lists of measurements or attributes
can also be considered as models, the purpose being to classify certain
objects with suﬃcient precision for a given purpose. As an example we
mention the numbers arranged in a size chart for blue jeans which allow
clothing manufacturers to produce jeans such that a high percentage of
customers can ﬁnd jeans that ﬁt.
• Maps of various kinds: Here the sector of reality usually is a part of the
surface of the earth and the image is a geometric two-dimensional struc-
ture. The appearance of a map is clearly dependent on the purpose it
was designed for. A road map looks very diﬀerent than a physical or a
political map. If one tries to navigate through a city with public buses
using an aerial photograph (which also can be considered as a model
of the city) instead of a map for the bus lines one will realize that the
photograph, though it contains much more detail, is totally unsuited for
the purpose of using buses in the city.
• Real models: These are replicas of real objects which preserve certain ge-
ometric properties or some of the functionality of the real object. As
an example we mention models of aircraft for wind tunnel experiments,
which are down-scaled replicas of real aircraft preserving the shape of
the real aircraft as much detail as possible in order to study the airﬂow
around the airplane. Another example is provided by dummies as models
for the human body in crash tests. Here the shape and internal structure
of a human body are imitated only to the extent that damages to the
dummy during a crash test allow one to conclude what kind of injuries
a person would have suﬀered in a car accident of the kind simulated by
the crash test.
• Mathematical models: In this case the image of a part of reality is a math-
ematical structure given, for instance, by a set of linear or nonlinear
equations, by a system of ordinary or partial diﬀerential equations, by a
stochastic process etc. Of course, this is the kind of model we are mainly
interested in these notes, and which are the topic of this book.
We can distinguish diﬀerent types of mathematical models. Examples are:
• Dynamical models: Here, the time behavior of the real system is of prime
interest. Consequently the main components of the model are ordinary
diﬀerential equations, delay equations, stochastic diﬀerential equations
and/or partial diﬀerential equations of parabolic or hyperbolic type, for
instance.
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• Geometric models:  In this case the model should represent the geometry of
the real system. One example is given by models which can be used in
order to optimize the shape of the real system according to given criteria
(minimal weight and still resist forces of a given magnitude without
deformation). Another example is provided by computer tomography or
magnetic resonance imaging in medicine.
• Classifying models: These are models which allow classifying members of a
set of objects or of a population on the basis of available data. Many
statistical models fall into this class.
Goals of a Modeling Process: It was stressed above that the ﬁrst step
in a modeling process is to give a clear deﬁnition of the goal to be achieved
by this process. In the following we provide a list of possible goals, which is
far from being complete:
• Simulations instead of experiments: Compared to numerical simulations ex-
periments are in general much more expensive. Therefore a very common
goal of a modeling process is to replace experiments by numerical sim-
ulations on the basis of a mathematical model. However, that does not
mean that experiments eventually will be replaced completely by numer-
ical simulations. We always shall need experiments in order to validate
a model which has been developed. Besides the cost advantage of nu-
merical simulations with a model another reason for doing simulations
can be that it may be impossible to conduct an experiment because it
is too dangerous or it is prohibited by ethical reasons. Of course in such
a case simulation results have to be considered with great care, because
validation of the model may also be limited.
• Control of processes in the real world: Many processes in the real world have
to be controlled in order to work in a satisfactory way. For instance, the
goal can be to keep the dynamics of a system in a prescribed status de-
spite perturbations which may act on the system. A very simple example
is the temperature control of a room which should keep the temperature
in the room at a given value. Perturbations in this case are caused by
outside temperature changes, changes in the number of people in the
room, opening and closing doors and windows etc. A considerably more
complicated example is provided by an autopilot which should keep an
airplane on a prescribed course. The design of controllers with predeﬁned
properties has to be based on a mathematical model for the process and
the application of results from control theory to that model. Therefore
methods of optimal control and optimization are integral components of
many modeling processes. Of course, control problems arise not only for
technical systems. For instance in disease control it may be necessary to
develop a model in order to design a vaccination strategy to keep the
number of infectious individuals below a given threshold.
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• Models for  measurements: Almost all standard measuring devices use some
physical mechanism which relates the quantity to be measured to a
quantity which can be observed directly. For instance, a classical ther-
mometer shows the length of the column of mercury enclosed in a glass
pipe, which is related to the room temperature by two physical pro-
cesses: one is the heat exchange between the air in a room and the
mercury in the thermometer and the other is the fact that the volume
of mercury increases as temperature increases. From this it is also clear
that a classical thermometer cannot follow rapid temperature changes.
From this simple example we should learn that the physical processes on
which the measuring device is based in order to interpret the quality of
the measurements correctly. With the advance of computer technology,
more complex measuring devices frequently implement the numerical al-
gorithms simulating the physical mechanisms on which the functioning
of the device is based. This is already a simple application of mathe-
matical modeling in order to obtain measurements. In more complex
situations models are used in order to ‘measure’ (i.e., to identify) a
quantity which cannot be measured directly by measuring another more
accessible quantity. Such procedures are in particular used in order to
‘measure’ physiological quantities.
• Gain of understanding through mathematical modeling: An important fac-
tor in this context is the fact that mathematical modeling requires a sys-
tematic approach concentrating on the main structural and functional
features of the real system under consideration. This inevitably leads to
a better understanding of the real process.
• Models for educational purposes: Real models have been used for a long
time as teaching devices. With the availability of aﬀordable computing
power in combination with visualization techniques, complex models can
be used to demonstrate the functioning of complex real systems under
varying conditions. In many cases the requirement that the model has
to be validated is relaxed in favor of a more complete representation of
the real system which is at least qualitatively correct.
Validation of a Model: An important concept in mathematical model-
ing is given by the domain of validity of a model. This can be deﬁned as that
sector (time-wise, spatial or functional) of reality that is represented by the
model with suﬃcient accuracy. Validation of a model requires that simulation
results of the model have to be compared with data from experiments that
may have been performed for the sole purpose of validating the model. This
means that parameters of the model have to be adjusted in order to get an
optimal agreement between simulations and data; i.e., we choose the parame-
ters such that some functional measuring the diﬀerence between model output
and data is minimized. The validation step should also check that the origi-
nally deﬁned goals for the modeling process are reached; i.e., if the domain of
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validity of the  model included the sector of reality for which the model was
developed.
Simulations with a model involving substantial changes in the model pa-
rameters in order to predict the behavior of the real system in more extreme
situations has to be done with great care, because the real system correspond-
ing to the changed parameters may not hold true in the domain of validity of
the model.
Guidelines: When one is involved in a modeling process it is important
to observe guidelines which have proven to be helpful for accomplishing the
task. A few of these guidelines are:
• The ﬁrst step of a modeling process is to identify the sector of reality to be
considered and to establish the goals of the modeling process.
• Next, it is important to determine the mechanisms to be considered, and
the details that should be neglected, using empirical observations and
available knowledge of the real system.
• Variables and parameters of the model should have interpretations in real-
ity. For models that reﬂect causal mechanisms acting in the real system,
this guideline must be followed. Parameters of model components which
reﬂect physical, chemical or biological mechanisms need to have an in-
terpretation in the relevant mechanism. This allows interpreting changes
in the parameters as changes in real system and vice versa.
• If a model does not achieve the given goals, then it has to be modiﬁed or
abandoned and replaced by a new one. This guideline seems to be ob-
vious. However, mathematicians involved in the modeling process tend
to like a mathematical model that provides an interesting mathematical
structure and the possibility to prove nice theorems. But it may be that
the mathematically interesting model has a rather poor performance
with respect to the goals of the modeling process.
Important Factors in Mathematical Modeling: We want to draw
attention to some important factors for the rapid development and success
of mathematical modeling in various applied sciences. One is the requirement
for precision in control or simulation of more complicated real processes. This
and other needs require mathematical modeling of real processes of increas-
ing complexity also in ﬁelds where in the past this was not necessary or not
possible. This has accelerated the interaction between applied sciences and
mathematics and is leading to new mathematical methodologies. Throughout
the history of mathematics, interaction with applications has been an impor-
tant factor for the further development of mathematics per se.
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Perhaps the most  important factor for the rapid development of mathemat-
ical modeling in various applications is the availability of enormous computing
power, which allows considering models of a complexity that was unthinkable
before we had programmable computers. In this context one has to point out
the possibilities for visualizing simulation results provided by modern com-
puters.
An important factor that is quite often underestimated in the context of
mathematical modeling is the introduction of new technologies for measure-
ments and data collection. This is not surprising in view of the needs for data
on a real system for the validation phase of a modeling process.
The Role of Mathematicians: Mathematical modeling not only requires
knowledge of existing mathematical theories or methodologies, but in view of
the rapidly increasing requirements of mathematical models also the devel-
opment of new mathematical methodologies. This is certainly a task where
mathematicians are challenged to contribute their competence and experi-
ence. However, the role of mathematicians in mathematical modeling is not
only to provide the necessary mathematics once the model has been devel-
oped by the applied scientists. In order to be really helpful in a modeling
process the mathematician has to be an integral part of this process. To do
so the mathematician must be able to communicate with the applied scien-
tists on their terms, which means he has to absorb enough of the applied ﬁeld
to understand the problems and peculiarities of this ﬁeld. Applied scientists
cannot be expected to enter the relevant mathematical ﬁelds to the same de-
gree. Moreover, for cooperation of mathematicians and applied scientists in a
modeling process to be successful mathematicians have to adopt the goals of
the modeling process which is a goal in the applied area. Finally it should be
stressed that mathematicians can add important competencies as partners in
a modeling process because they are trained to attack problems in a formal
and structured approach, which makes it easier for them to neglect unimpor-
tant details and to recognize the underlying structure of a process.
This book reﬂects most of the points presented here in concrete situations
which in my opinion makes it a valuable contribution to the literature on
mathematical modeling for the target audience of undergraduate students, as
well as for anyone interested in mathematical modeling.
Graz, September 2013 Franz Kappel
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Almost every year,  a new book on mathematical modeling is published, hence
the inevitable question is: Why another? The answer springs from the fact
that it is rare to ﬁnd a book that covers modeling with all types of diﬀerential
equations in one volume. In my study of books on mathematical modeling
with diﬀerential equations, none of them covered all the aspects of diﬀerential
equations. It is this that motivated me to write a book on mathematical mod-
eling that will cover modeling with all kinds of diﬀerential equations, namely,
ordinary, partial, delay and stochastic. The book also contains a chapter on
discrete modeling, consisting of diﬀerence equations. It is this aspect of the
book that makes it unique and complete and is one of its salient features.
Mathematical modeling is an important aspect of the study of science and
engineering. Even social sciences involve mathematical modeling. The primary
aim of the book is to work towards creating in the reader an awareness of the
concepts involved in mathematical modeling so as to build a solid foundation
in the subject. Since mathematical modeling involves a diverse range of skills
and tools, I have focused on techniques that would be of particular interest
to engineers, scientists and others who use models of discrete and continuous
systems. In an age when computers rule, students of engineering and science
will be better placed if they understand and use the mathematics that is the
basis of computers. Mathematics is necessary for engineering and science. This
will remain unaltered in spite of all changes that may come about in computa-
tion. I never tire of telling my students that it is a risky proposition to accept
computer calculations without having recourse to some parallel closed-form
modeling to verify the veracity of the results. Finally, it is fun and satisfying
to do mathematical manipulations that explain how and why things happen.
My target audience is undergraduates who are keen to grasp the basics
of mathematical modeling. Graduate students who want to use mathematical
modeling in their research will also ﬁnd the book useful. My experience with
books on mathematical modeling has been that they are eﬀective in some ar-
eas of mathematical modeling using a particular kind of diﬀerential equation
needed for the model (either ODE/PDE/DDE or even stochastic) but never
consider the complete picture as far as modeling with diﬀerential equation is
concerned. It is important for students to recognize the relevance and applica-
tion of their knowledge of mathematics to practical applications. This book, I
xiii
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hope, bridges the  gap between the student’s abilities and modeling and would
prepare students to venture forth on their own to solve problems on mathe-
matical modeling using diﬀerential equations.
It has taken me almost 3 years to complete this book and this experi-
ence has taught me that writing a book is not an easy task. However, the
end result justiﬁes the hard work that goes into it and leaves one with a
sense of satisfaction once it is ready. The amount of knowledge that I have
gained while working on this book is immense and that is reward in itself. The
book is divided into six chapters. The ﬁrst chapter introduces the subject of
mathematical modeling, its history, possibilities and its limitations. Chapter
2 deals with discrete models using diﬀerence equations. Chapter 3, the largest
chapter, discusses modeling with ordinary diﬀerential equations and incor-
porates innumerous examples from physics, chemistry, biology, ecology and
engineering. Chapter 4 is concerned with modeling dealing with partial diﬀer-
ential equations including examples on ﬂuid ﬂow, heat ﬂow, traﬃc ﬂow and
pattern formation. Chapter 5 focuses on delay diﬀerential equations, namely,
solving techniques of simple DDE’s and its stability. Examples from physics,
biology, ecology, ﬁnance and its numerical solutions have been discussed in
this chapter; a research problem has been included for those interested in
advance mathematical theory of DDE. The eﬀect of stochasticity on popu-
lation dynamics, epidemiology, ﬁnance models, tumor-immune interaction is
the highlight of Chapter 6.
Years of teaching the subject have honed my skills in the area of mathe-
matical modeling; however, perfection is something that one ought to strive
for. I am sure I have not yet achieved it, and hence would welcome any sug-
gestion for improvements, comments and criticisms (directly to sandipbaner-
jea@gmail.com) for later editions of the book.
A book is always the product not only of its author, but also various people
who have in their way contributed towards it. Colleagues, research scholars,
the work environment where I teach, the discussions, engagements, discourses
that I have gathered during years of teaching and research, the many confer-
ences, referee reports, seminars, university lectures, training courses, summer
and winter schools, e-mail correspondence, and most importantly, the patience
and constant support of my family. While it would not be possible to name
all those who have helped me on this journey, their contribution has been
immense. I take this opportunity to thank Prof. Hien Tran, North Carolina
State University. During my visit to NCSU, I had full access to their fabu-
lous library which provided me materials so important for research that went
into writing the book. I also thank three anonymous referees who has gone
through my book proposal. Their valuable suggestions have helped me in prop-
erly shaping up the book. I gratefully acknowledge the Quality Improvement
Program (QIP) of IIT Roorkee for providing me ﬁnancial support for writ-
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ing the book.  My sincere thanks to my research scholars, Ram Keval, Subhas
Khajanchi, Teekam Singh and Sumana Ghosh, who helped me with typing
and proofreading. Special mention is due to Nishi Pulugurtha, who helped me
in the composition of the history of mathematical modeling. Finally, a word
of thanks to my publisher for their active eﬀort in publishing this book.
Sandip Banerjee
Department of Mathematics
Indian Institute of Technology Roorkee
India.
Additional material is available from the CRC web site
http://www.crcpress.com /product/isbn/9781439854518
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	24. Chapter 1
About Mathematical  Modeling
1.1 What is Mathematical Modeling? ........................................ 1
1.2 History of Mathematical Modeling ....................................... 2
1.3 Importance of Mathematical Modeling ................................... 4
1.4 Latest Developments in Mathematical Modeling ......................... 5
1.5 Limitations of Mathematical Modeling ................................... 6
1.1 What is Mathematical Modeling?
Mathematical modeling is the application of mathematics to describe real-
world problems and investigating important questions that arise from it. Using
mathematical tools, the real-world problem is translated to a mathematical
problem, which mimics the real-world problem. A solution to the mathemat-
ical problem is obtained, which is interpreted in the language of real-world
problem to make predictions about the real world.
By real-world problems, I mean problems from biology, chemistry, engi-
neering, ecology, environment, physics, social sciences, statistics, wildlife man-
agement and so on. Mathematical modeling can be described as an activity
which allows a mathematician to be biologist, chemist, ecologist, economist
depending on the problem that he/she is tackling. The primary aim of a
modeler is to undertake experiments on the mathematical representation of a
real-world problem, instead of undertaking experiments in the real world.
Challenges in mathematical modeling
........not to produce the most comprehensive descriptive model but to
produce the simplest possible model that incorporates the major fea-
tures of the phenomenon of interest.
Howard Emmons
1
 


	25. 2 Mathematical Modeling:  Models, Analysis and Applications
1.2 History of Mathematical Modeling
Modeling (from Latin modellus) is a way of handling reality. It is the ability
to create models that distinguish human beings from other animals. Models
of real objects and things have been in use by human beings since the Stone
Age as is evident in cave paintings. Modeling became important in the Ancient
Near East and Ancient Greek civilizations. It is writing and counting numbers
which were the ﬁrst models. Two other areas where modeling was used in its
preliminary forms are astronomy and architecture. By the year 2000 BC, the
three ancient civilizations of Babylon, Egypt and India had a good knowledge
of mathematics and used mathematical models in various spheres of life [117].
In Ancient Greek civilization, the development of philosophy and its close
relation to mathematics contributed to a deductive method, which led to
probably the ﬁrst instance of mathematical theory. From about 600 BC, ge-
ometry became a useful tool in analyzing reality. Thales predicted the solar
eclipse of 585 BC and devised a method for measuring heights by measuring
the lengths of shadows using geometry. Pythagoras developed the theory of
numbers, and most importantly initiated the use of proofs to gain new re-
sults from already known theorems. Greek philosophers Aristotle, Eudoxus,
and others contributed further and in the next 300 years after Thales, geom-
etry and other branches of mathematics developed further. The zenith was
reached by Euclid of Alexandria who in Circa 300 BC wrote The Elements, a
veritable collection of almost all branches of mathematics known at the time.
This work included, among others, the ﬁrst precise description of geometry
and a treatise on number theory. It is for this that Euclid’s books became
important for the teaching of mathematics for many hundreds of years, and
around 250 BC Eratosthenes of Cyrene used this knowledge to calculate the
distances between the Earth and the Sun, the Earth and the Moon and the
circumference of the Earth using a geometric model.
A further step in the development of mathematical models was taken up
by Diophantus of Alexandria in about 250 AD, who, in his book Arithmetica,
developed the beginnings of algebra based on symbolism and the idea of a
variable. In the ﬁeld of astronomy, Ptolemy, inﬂuenced by Pythagoras’ idea of
describing celestial mechanics by circles, developed a mathematical model of
the solar system using circles to predict the movement of the sun, the moon,
and the planets. The model was so accurate that it was used until the early
seventeenth century when Johannes Kepler discovered a much more simple
and superior model for planetary motion in 1619. This model, with later re-
ﬁnements done by Newton and Einstein, is in use even today.
Mathematical models are used for real-world problems and are hence im-
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portant for human development. Mathematical models were developed in
China, India and Persia as well as in the Western world. One of the most
famous Arabian mathematicians was Abu Abd-Allah ibn Musa Al-Hwārizmī,
who lived in the late eighth century [117]. Interestingly, his name still survives
in the word algorithm. His well known books are de numero Indorum (about
the Indian numbers - today called Arabic numbers) and Al-kitab al-muhtasar
ﬁ hisāb al-ǧ abr wa’lmuqābala (a book about the procedures of calculation
balancing) [117]. Both these books contain mathematical models and prob-
lem solving algorithms for use in commerce, survey, and irrigation. The term
algebra was derived from the title of his second book.
In the Western world, it was only in the sixteenth century that mathe-
matics and mathematical models developed. The greatest mathematician in
the Western world after the decline of the Greek civilization was Fibonacci,
Leonardo da Pisa (ca. 1170-ca. 1240). The son of a merchant, Fibonacci made
many journeys to the Orient, and familiarized himself with mathematics as it
had been practiced in the Eastern world. He used algebraic methods recorded
in Al-Hwārizmī’s books to improve his trade as a merchant. He ﬁrst realized
the great practical advantage of using the Indian numbers over the Roman
numbers which were still in use in Europe at that time. His book Liber Abaci,
ﬁrst published in 1202, began with a reference to the ten ‘Indian ﬁgures’ (0,
1, 2,..., 9), as he called them. 1202 is an important year since this is the year
that saw the number zero being introduced to Europe. The book itself was
meant to be a manual of algebra for commercial use. It dealt in detail with
arithmetical rules using numerical examples which were derived from practical
use, such as their applications in measure and currency conversion.
The painter Giotto (1267-1336) and the Renaissance architect and sculp-
tor Filippo Brunelleschi (1377-1446) are responsible for the development of
geometric principles. In the later centuries many more and varied mathemati-
cal principles were discovered and the intricacy and complexity of the models
increased. It is important to note that despite the achievements of Diophant
and Al-Hwārizmī, the systematic use of variables was invented by Vieta (1540-
1603) [117]. In spite of all these developments it took many years to realize
the true role of variables in the formulation of mathematical theory. It also
took time for the importance of mathematical modeling to be completely un-
derstood. Physics and its application to nature and natural phenomena is a
major force in mathematical modeling and its further development. Later eco-
nomics became another area of study where mathematical modeling began to
play a major role.
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1.3 Importance of Mathematical Modeling
A mathematical model, as stated, is a mathematical description of a real
life situation. So, if a mathematical model can reﬂect or mimic the behavior
of a real life situation, then we can get a better understanding of the system
through proper analysis of the model using appropriate mathematical tools.
Moreover, in the process of building the model, we discover various factors
which govern the system, factors which are most important to the system and
that reveal how diﬀerent aspects of the system are related.
The importance of mathematical modeling in physics, chemistry, biology,
economics and even industry cannot be ignored. Mathematical modeling in
basic sciences is gaining popularity, mainly in biological sciences, economics
and industrial problems. For example, if we consider mathematical model-
ing in the steel industry, many aspects of steel manufacture, from mining to
distribution, are susceptible to mathematical modeling. In fact, steel com-
panies have participated in several mathematics-industry workshops, where
they discussed various problems and obtained solution through mathematical
modeling - problems involving control of ingot cooling, heat and mass transfer
in blast furnaces, hot rolling mechanics, friction welding, spray cooling and
shrinkage in ingot solidiﬁcation, to mention a few [91]. Similarly, mathemati-
cal modeling can be used
(i) to study the growth of plant crops in a stressed environment,
(ii) to study mRNA transport and its role in learning and memory,
(iii) to model and predict climate change,
(iv) to study the interface dynamics for two liquid ﬁlms in the context of or-
ganic solar cells,
(v) to develop multi-scale modeling in liquid crystal science and many more.
For gaining physical insight, analytical techniques are used. However, to
deal with more complex problems, numerical approaches are quite handy. It
is always advisable and useful to formulate a complex system with a simple
model whose equation yields an analytical solution. Then the model can be
modiﬁed to a more realistic one that can be solved numerically. Together with
the analytical results for simpler models and the numerical solution from more
realistic models, one can gain maximum insight into the problem.
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1.4 Latest Developments in Mathematical Modeling
Mathematical modeling is an area of great development and research. In re-
cent years, mathematical models have been used to validate hypotheses made
from experimental data, and at the same time the designing and testing of
these models has led to testable experimental predictions. There are impres-
sive cases in which mathematical models have provided fresh insight into bi-
ological systems, physical systems, decision making problems, space models,
industrial problems, economical problems and so forth. The development of
mathematical modeling is closely related to signiﬁcant achievements in the
ﬁeld of computational mathematics.
Consider a new product being launched by a company. In the development
process, there are critical decisions involved in its launch such as timing, de-
termining price, launch sequence, etc. Experts use and develop mathematical
models to facilitate such decision making. Similarly, in order to survive market
competition, cost reduction is one of the main strategies for a manufacturing
plant, where a large amount of production operation costs are involved. Proper
layout of equipment can result in a huge reduction in such costs. This leads to
dynamic facility layout problem for ﬁnding equipment sites in manufacturing
environments, which is one of the developing areas in the ﬁeld of mathematical
modeling [122].
Mathematical modeling also intensiﬁes the study of potentially deadly ﬂu
viruses from mother nature and bio-terrorists. Mathematical models are also
being developed in optical sciences [6], namely, diﬀractive optics, photonic
band gap structures and wave guides, nutrient modeling, studying the dynam-
ics of blast furnaces, studying erosion, and prediction of surface subsidence.
In geosciences, mathematical models have been developed for talus. Talus
is deﬁned by Rapp and Fairbridge [103] as an accumulation of rock debris
formed close to mountain walls, mainly through many small rockfalls. Hiroyuki
and Yukinori [90] have constructed a new mathematical model for talus devel-
opment and retreat of cliﬀs behind the talus, which was later applied to the
result of a ﬁeld experiment for talus development at a cliﬀ composed of chalk.
They developed the model which was in agreement with the ﬁeld observations.
There has been tremendous development in the interdisciplinary ﬁeld of
applied mathematics in human physiology in the last decade, and development
continues. One of the main reasons for this development is the researcher’s im-
proved ability to gather data, whose visualization have much better resolution
in time and space than just a few years ago. At the same time, this devel-
opment also constitutes a giant collection of data as obtained from advanced
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measurement techniques. Through statistical analysis, it is possible to ﬁnd
correlations, but such analysis fails to provide insight into the mechanisms
responsible for these correlations. However, when it is combined with mathe-
matical modeling, new insights into the physiological mechanisms are revealed.
Mathematical models are being developed in the ﬁeld of cloud computing
to facilitate the infrastructure of computing resources in which large pools of
systems (or clouds) are linked together via the internet to provide IT services
(for example, providing secure management of billions of online transactions)
[25]. Development of mathematical models are also noticed
(i) in the study of variation of shielding gas in GTA welding,
(ii) for prediction of aging behavior for Al-Cu-Mg/Bagasse Ash particular
composites,
(iii) for public health decision making and estimations,
(iv) for developing of cerebral cortical folding patterns which have fascinated
scientists with their beauty and complexity for centuries,
(v) to predict sunﬂower oil expression,
(vi) in the development of a new three dimensional mathematical ionosphere
model at the European Space Agency/European Space Operators Centre,
(vii) in battery modeling or mathematical description of batteries, which plays
an important role in the design and use of batteries, estimation of battery pro-
cesses and battery design. These are some areas where mathematical modeling
plays an important role. However, there are many more areas of application.
1.5 Limitations of Mathematical Modeling
Sometimes although the mathematical model used is well adapted to the
situation at hand, it may give unexpected results or simply fail. This may
be an indication that we have reached the limit of the present mathematical
model and must look for a new reﬁnement of the real-world or a new the-
oretical breakthrough [10]. A similar type of problem was addressed in [6],
which deals with Moire theory, involving the mathematical modeling of the
phenomena that occur in the superposition of two or more structures (line
gratings, dot screens, etc.), either periodic or not.
In mathematical modeling, more assumptions must be made, as infor-
mation about real-world systems become less precise or harder to measure.
Modeling becomes a less precise endeavor as it moves away from physical
systems towards social systems. For example, modeling an electrical circuit
is much more straightforward than modeling human decision making or the
environment. Since physical systems usually do not change, reasonable past
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information about a physical system is quite valuable in modeling future per-
formance. However, both social systems and environments often change in
ways that are not of the past, and even correct information may be of less
value in forming assumptions. Thus, to understand a model’s limitations, it
is important to understand the basic assumptions that were used to create it.
Real-world systems are complex and a number of interrelated components
are involved. Since models are abstractions of reality, a good model must try to
incorporate all critical elements and interrelated components of the real-world
system. This is not always possible. Thus, an important inherent limitation
of a model is created by what is left out. Problems arise when key aspects of
the real-world system are inadequately treated in a model or are ignored to
avoid complications, which may lead to incomplete models. Other limitations
of a mathematical model are that they may assume the future will be like the
past, input data may be uncertain or the usefulness of a model may be limited
by its original purpose.
However, despite all these limitations and pitfalls, a good model can be
formulated, if a modeler asks himself/herself the following questions about the
model:
(i) Does the structure of the model resemble the system being modeled?
(ii) Why is the selected model appropriate to use in a given application?
(iii) How well does the model perform?
(iv) Has the model been analyzed by someone other than the model authors?
(v) Is adequate documentation of the model available for all who wish to study
it?
(vi) What assumptions and data were used in producing model output for the
speciﬁc application?
(vii) What is the accuracy of the model output?
One should not extrapolate the model beyond the region of ﬁt. A model
should not be applied unless one understands the simplifying assumptions
on which it is based and can test their applicability. It is also important to
understand that the model is not the reality and one should not distort reality
to ﬁt the model. A discredited model should not be retained and one should
not limit himself to a single model, as more than one model may be useful for
understanding diﬀerent aspects of the same phenomenon. It is imperative to
be aware of the limitations inherent in models. There is no best model, only
better models.
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2.1 Diﬀerence Equations
The term diﬀerence equation sometimes refers to a speciﬁc type of recur-
rence relation. However, diﬀerence equation is frequently used to refer to any
recurrence relation.
Let us now see how a diﬀerence equation is formulated. Consider the rela-
tion un = cn − 3, where c is an arbitrary constant. Now, un+1 = c(n + 1) − 3.
The required diﬀerence equation is obtained by eliminating c from un and
un+1, which gives
un+1 =
un + 3
n
(n + 1) − 3
⇒ nun+1 = (n + 1)un + 3
9
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2.1.1 Linear Diﬀerence Equation with Constant Coeﬃcients
Consider the linear diﬀerence equation of the form
c0un + c1un−1 + c2un−2 = f(n) (2.1)
The diﬀerence equation is homogeneous if f(n) = 0, otherwise it is non-
homogeneous. The order of the diﬀerence equation is the diﬀerence between
the largest and smallest arguments appearing in the diﬀerence equation with
unit interval. Thus, the order of equation (2.1) is 2.
Equation (2.1) is a linear diﬀerence equation with constant coeﬃcients as
the coeﬃcients of the successive diﬀerences are constants and the diﬀerences
of successive orders are of ﬁrst degree. Thus,
c0un + c1(un−1)2
+ c2un−2 = f(n)
is a non-linear diﬀerence equation.
2.1.2 Solution of Homogeneous Equations
(a) Consider the ﬁrst order homogeneous linear diﬀerence equation
un − k(un−1) = 0 (2.2)
Putting n = 1,2,3,........... we get,
u1 = ku0
u2 = ku1 = k2
u0
u3 = ku2 = k3
u0
− − − − − − − − − − −
Thus, un = kn
u0 = ckn
(say)
where c is an arbitrary constant, is a general solution of (2.2).
(b) Consider the ﬁrst order linear diﬀerence equation of the form
un = aun−1 + b = 0 (n = 0,1,2,........), where a and b are constants.
= a(aun−2 + b) + b = a2
xn−2 + b(a + 1)
= a2
(aun−3 + b) + b(a + 1) = a3
xn−3 + b(a2
+ a + 1)
= .......................................
= an
u0 + b(an−1
+ an−2
+ ....... + a2
+ a + 1)
= an
u0 + nb (if a = 1)
= an
u0 + b

1 − an
1 − a

(if a  1)
= an
u0 + b

an
− 1
a − 1

(if a  1),
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which is the required solution of the ﬁrst order linear diﬀerence equation
un = aun−1 + b
(c) Consider the second order homogeneous linear diﬀerence equation
a0un + a1un−1 + a2un−2 = 0 (2.3)
Assuming the solution of the form un = ckn
(c = 0) and putting it in
(2.3), we get,
a0k2
+ a1k + a2 = 0
⇒ a0k2
+ a1k + a2 = 0 (since, cn
= 0),
which is called the auxiliary equation.
(i) If the auxiliary equation has two distinct real roots, m1 and m2 (say),
then,
c1mn
1 + c2mn
2
is the general solution of (2.3), and c1 and c2 are arbitrary constants.
(ii) If the roots of the auxiliary equation are real and equal, m1 = m2 = m
(say), then,
(c1 + c2n)mn
is the general solution of (2.3), and c1 and c2 are arbitrary constants.
(iii) If the auxiliary equation has imaginary roots (which occur in conju-
gate pairs), α + iβ and α − iβ (say), then,
rn
(c1 cos nθ + c2 sin nθ)
is the general solution of (2.3), r =

α2 + β2 and θ = tan−1
(β
α ), and c1 and
c2 are arbitrary constants.
Note: Solutions for non-homogeneous equations can be obtained by partic-
ular integral methods, undetermined coeﬃcients, Z-Transform, Laplace Trans-
form etc. Interested readers can look into [27, 43, 80] for detailed information.
Example 2.1.1 Obtain the diﬀerence equation by eliminating the arbitrary
constants from un = A2n
+ B(−3)n
.
Solution: Given,
un = A2n
+ B(−3)n
⇒ un+1 = A2n+1
+ B(−3)n+1
⇒ un+2 = A2n+2
+ B(−3)n+2
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Therefore,
un+1 = 2A2n
− 3B(−3)n
un+2 = 4A2n
+ 9B(−3)n
Solving, we get
A =
3un+1 + un+2
102n
and B =
un+2 − 2un+1
15(−3)n
Thus, the required diﬀerence equation is
un =
3un+1 + un+2
10
+
un+2 − 2un+1
15
⇒ un+2 + un+1 − 6un = 0.
Example 2.1.2 Find un if u0 = 0, u1 = 1 and un+2 + 16un = 0.
Solution: Let un = kn
(k = 0) be a solution of un+2 + 16un = 0, then the
required auxiliary equation is
k2
+ 16 = 0
⇒ k = ±4i
The general solution is
un = c1(4i)n
+ c2(−4i)n
= 4n
[c1einπ/2
+ c2e−inπ/2
]
= 4n
[A1 cos(nπ/2) + A2 sin(nπ/2)]
where A1 and A2 are arbitrary constants. Now, u0 = 0 and u1 = 1 implies
A1 = 0 and A2 = 1
4 . Therefore,
un = 4n−1
sin(nπ/2)
is the required solution.
Note: The solutions of homogeneous linear diﬀerence equations with con-
stant coeﬃcients are composed of linear combinations of the basic expressions
of the form un = ckn
. The qualitative behavior of the basic solution will
depend on the real values of k, namely, on the four possible ranges [26]:
k ≥ 1, k ≤ −1, 0  k  1, − 1  k  0
For k ≥ 1, the solution un = ckn
becomes unbounded as n increases;
for 0  k  1, kn
goes to zero as n increases, hence un decreases; for −1 
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k  0, kn
oscillates between positive and negative values, with diminishing
magnitude to zero and for k  −1, kn
oscillates between positive and negative
values with increasing magnitude.
The marginal points k = 1, k = 0 and k = −1 correspond to constant
solution (un = c), zero solution (un = 0) and an oscillatory solution between
−c and +c respectively. Figure 2.1 illustrates diﬀerent behaviors for diﬀerent
ranges of k.
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FIGURE 2.1: The qualitative behavior of un = Ckn
for diﬀerent ranges of
k, namely, −1 ≤ k ≤ 1.
Example 2.1.3 Solve: xn+1 = xn
4 + yn, yn+1 = 3xn
16 − yn
4 .
Solution:
xn+1 =
xn
4
+ yn ⇒ yn = xn+1 −
xn
4
⇒ yn+1 = xn+2 −
xn+1
4
Eliminating yn+1 from both the equations, we get,
4xn+2 − xn = 0
The required auxiliary equation is
4k2
− 1 = 0
⇒ k = ±
1
2
The general solution is
xn = c1

1
2
n
+ c2

−1
2
n
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where c1 and c2 are arbitrary constants. Similarly, it can be shown,
yn = d1

1
2
n
+ d2

−1
2
n
where d1 and d2 are arbitrary constants.
2.1.3 Diﬀerence Equation: Equilibria and Stability
2.1.3.1 Linear Diﬀerence Equation
We consider an autonomous linear discrete equation of the form un =
aun−1 + b (a = 1). If u∗
be the equilibrium solution of the model, then
un = un−1 = u∗
(there is no change from generation n-1 to generation n)
⇒ au∗
+ b = u∗
⇒ u∗
=
b
1 − a
.
The equilibrium point u∗
is said to be stable if all the solutions of
un = aun−1 + b approach u∗
= b
1−a as n becomes large (→ ∞). The equilib-
rium point u∗
is unstable if all solutions (if exists) diverge from u∗
to ±∞.
The stability of the equilibrium solution u∗
of the equation un = aun−1 + b
depends on a. It is stable if |a|  1 and unstable if |a|  1. We reach an
ambiguous case if a = ±1.
2.1.3.2 System of Linear Diﬀerence Equations
For a system of diﬀerence equations, it is possible to determine the stability
of the system using eigenvalues. We consider the homogeneous system,
un+1 = αun + βvn
vn+1 = γun + δvn
which can be expressed in the matrix form as,

un+1
vn+1

=

α β
γ δ

un
vn

⇒ wn+1 = Awn where wn =

un
vn

and A =

α β
γ δ

.
Clearly (0, 0) is the equilibrium point of the homogeneous system.
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Theorem 2.1.3.1 Let λ1 and λ2 be two real distinct eigenvalues of the coef-
ﬁcient matrix A of a homogeneous linear system. Then, the equilibrium point
(0, 0) is
(i) stable if both | λ1 | 1 and | λ2 | 1
(ii) unstable if both | λ1 | 1 and | λ1 | 1
(iii) saddle if | λ1 | 1 and | λ1 | 1 or if | λ1 | 1 | λ1 | 1
Note: Please note that λ1 = λ2 = 1 is a rare borderline case and will not be
considered here.
Theorem 2.1.3.2 Let λ1 = λ2 = λ∗
be a real and equal eigenvalue of the
coeﬃcient matrix A of the homogeneous linear system, then the equilibrium
point (0, 0) is
(i) stable if |λ∗
|  1
(ii) unstable if |λ∗
|  1
Theorem 2.1.3.3 Let a + ib and a − ib be the complex conjugate eigenvalues
of the coeﬃcient matrix A of a homogeneous linear system, then the equilib-
rium point (0, 0) is
(i) stable if |a ± ib|  1
(ii) unstable if |a ± ib|  1
For a non-homogeneous linear system of the form wn+1 = Awn + b where
wn =

un+1
vn+1

and A =

α β
γ δ

and b =

k1
k2

, the equilibrium solu-
tion is given by un+1 = un = u∗
and vn+1 = vn = v∗
.
For stability, the same results hold as for the homogeneous system. This is
due to the fact that the non-homogeneous system, with a unique equilibrium
point, can be converted to a homogeneous system. If w∗
= (u∗
, v∗
) be the
equilibrium point of the non-homogeneous system
un+1 = αun + βvn + k2
vn+1 = γun + δvn + k2
then
u∗
= αu∗
+ βv∗
+ k1
v∗
= γv∗
+ δv∗
+ k2
⇒ w∗
= Aw∗
+ b
⇒ Aw∗
− w∗
+ b = 0 (null matrix)
Substituting wn = zn + w∗
in wn+1 = Awn + b we get,
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zn+1 + w∗
= A(zn + w∗
) + b
⇒ zn+1 = Azn + Aw∗
− w∗
+ b
⇒ zn+1 = Azn (since Aw∗
− w∗
+ b = 0),
which is a homogeneous system, whose stability has already been discussed.
2.1.3.3 Non-Linear Systems
Non-linear diﬀerence equations are to be handled with special techniques
and cannot be solved by simply setting un = kn
. Here, we shall not discuss
about the solutions of non-linear diﬀerence equations but focus on the quali-
tative behaviors, namely, steady state and stability.
In the context of diﬀerence equations, x∗
is the steady state solution (equi-
librium solution) of the non-linear diﬀerence equation
xn+1 = f(xn), if xn+1 = xn = x∗
that is, there is no change from generation n to generation (n+1).
By deﬁnition, the steady state solution is stable if for 	  0, ∃ a δ  0 such
that |x0 − x∗
|  δ implies that for all n  0, |fn
(x0) − x∗
|  	. The steady
state solution is asymptotically stable if, in addition, limx→∞ xn = x∗
holds.
Once we have obtained the steady state solution, we look into its stability,
that is, given some value xn close to x∗
, does xn tends towards x∗
or move
away from it? To address this issue, we give a small perturbation to the system
about the steady state x∗
. Mathematically, this means replacing xn by x∗
+	n,
where 	n is small. Then,
xn+1 = f(xn)
⇒ x∗
+ 	n+1 = f(x∗
+ 	n)
≈ f(x∗
) + 	nf
(x∗
) (by Taylor series expansion)
= x∗
+ 	nf
(x∗
)
Since x∗
is the equilibrium solution, x∗
= f(x∗
), which implies
	n+1 ≈ 	nf
(x∗
) (2.4)
The solution of (2.4) will decrease if |f
(x∗
)|  1 and increase if |f
(x∗
)| 
1 [80].
Theorem 2.1.3.4 The steady state solution x∗
of xn+1 = f(xn) is stable if
|f
(x∗
)|  1 and unstable if |f
(x∗
)|  1
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The stability analysis of a non-linear discrete system of the form un+1 =
f(un, vn) and vn+1 = g(un, vn) near the equilibrium point (u∗
, v∗
) can be
determined by linearizing the system about the equilibrium point.
Theorem 2.1.3.5 Let (u∗
, v∗
) be an equilibrium solution of non-linear sys-
tems un+1 = f(un, vn) and vn+1 = g(un, vn) and A is the corresponding
matrix of partial derivatives given by A =

fx(u∗
, v∗
) fy(u∗
, v∗
)
gx(u∗
, v∗
) gy(u∗
, v∗
)

, then
(u∗
, v∗
) is stable if each eigenvalue of A has modulus less than 1 and unstable
if one of the eigenvalues of A has modulus greater than 1 [80].
2.2 Introduction to Discrete Models
In discrete models, the state variables change only at a countable num-
ber of points in time. These points in time are the ones at which the event
occurs/change in state. Thus, in discrete time modeling, there is a state tran-
sition function which computes the state at the next time instant given the
current state and input. The changes are really discrete in many situations
which occur at well deﬁned time intervals. Moreover, in many cases, the data
are usually discrete rather than continuous. Hence, due to the limitations of
the available data, we may be compelled to work with the discrete model,
even though the underlying model is continuous.
Consider a sequence a1, a2, a3, ..........., an, ........ .
Let the diﬀerences an+1 − an = constant = k (say), for the sequence, then
an − an−1 = an−1 − an−2 = an−2 − an−3 = ........... = a2 − a1 = k
⇒ an = an−1 + k
= an−2 + 2k
= an−3 + 3k
....................
= a1 + (n − 1)k
Thus, an is a linear function of n and is called a linear model.
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But, if the ratio an+1
an
for the sequence is constant, that is,
an
an−1
=
an−1
an−2
=
an−2
an−3
= ........... =
a2
a1
= α (say), then
⇒ an = α an−1
= α2
an−2
= α3
an−3
....................
= αn−1
a1
where α = a2
a1
, then, it is called an exponential model.
2.3 Linear Models
2.3.1 Population Model Involving Growth
Suppose a population of Royal Bengal tigers in the Sunderban area, West
Bengal, India, is decreasing at the rate of 3% per year. Let p0 be the size
of the initial population of tigers and xn, the number of tigers n years later,
then,
pn+1 = pn − 0.03 pn = 0.97 pn for n = 0, 1, 2, 3, .......... (2.5)
Equation (2.5) relates the number of tigers in a given year, with the number
of tigers in the previous years and is called a ﬁrst order diﬀerence equation.
It gives the value of a speciﬁc pn, provided we know the value of pn−1.
If, in 2010, the population of tigers be 150 and we want to know the
population after 4 years, then,
p1 = 0.97 p0 = 0.97 × 150 = 145.5 	 146.
p2 = 0.97 p1 = 0.97 × 145.5 = 141.135 	 141.
p3 = 0.97 p2 = 0.97 × 141.135 = 136.9 	 137.
p4 = 0.97 p3 = 0.97 × 136.9 = 132.79 	 133.
Thus, after 4 years, that is, in 2014, we can expect 133 tigers in the Sunderban
area.
We can also ﬁnd p4 explicitly in terms of p0, by working backwards as
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follows:
p4 = (0.97) p3
= (0.97) (0.97) p2 = (0.97)2
p2
= (0.97)2
(0.97) p1 = (0.97)3
p1
= (0.97)3
(0.97) p0 = (0.97)4
p0
Thus, we conclude that p4 can be computed without reference to any of the
values p3, p2 and p1, provided we know p0. The general solution of the dif-
ference equation of the form xn+1 = kxn
(n = 0,1,2,3,......) is xn+1 = kn
x0,
where k = 0.97 in this case. Figure 2.2 shows that for this value of k, the tiger
population will become extinct in approximately 165 years.
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FIGURE 2.2: Royal Bengal tigers will be extinct in approximately 165 years
for k = 0.97.
2.3.2 Newton’s Law of Cooling
Suppose a cup of coﬀee, initially at a temperature of 190 ◦
F is placed in
a room, which is held at a constant temperature of 70 ◦
F. After 1 minute,
the coﬀee has cooled to 180 ◦
F. If we need to ﬁnd the temperature of the
coﬀee after 15 minutes, we will use Newton’s law of cooling, which states
that the rate of change of the temperature of an object is proportional to the
diﬀerence between its own temperature and the ambient temperature (i.e. the
temperature of its surroundings). Mathematically, this means,
tn+1 − tn = k(S − tn)
where tn is the temperature of the coﬀee after n minutes, S is the temperature
of the room and k is the constant of proportionality.
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We ﬁrst make use of the information given about the change in the tempera-
ture of the coﬀee during the ﬁrst minute to determine the value of the constant
of proportionality k. Then,
t1 − t0 = k(S − t0)
⇒ 180 − 190 = k(70 − 190)
⇒ k =
1
12
⇒ tn+1 − tn =
1
12
(70 − tn)
⇒ tn+1 =
11
12
tn +
70
12
This is of the form (2.1.2 b), whose solution is given by
tn =

11
12
n
190 + 70

1 −

11
12
n
= 70 + 120

11
12
n
, for n = 0,1,2,......... .
For n = 15,
t15 = 70 + 120

11
12
15
= 102.54
Hence, after 15 minutes, the coﬀee has cooled to just under 103 ◦
F.
Also, limn→∞
11
12
n
= 0, which implies that the temperature of the coﬀee
will approach the equilibrium temperature of 70 ◦
F, the room temperature as
n increases (see Figure 2.3).
2.3.3 Bank Account Problem
Suppose a savings account is opened that pays 4% interest compounded
yearly with initial deposit of Rs. 10000.00 (Indian Rupees) and a deposit of
Rs. 5000.00 is made at the end of each year. For a savings account that is
compounded yearly, the interest is added to the principal at the end of each
year. If an is the amount at the end of year n (n = 0, 1, 2, 3......), then
a1 = a0 + ra0 = (1 + r)a0
a2 = a1 + ra1 = (1 + r)a1
.........................................
.........................................
an+1 = an + ran = (1 + r)an
where r is the rate of interest. Now, if a deposit of Rs. 5000.00 is made at
the end of each year, then the dynamic model which describes this scenario is
 


	44. Mathematically Modeling Discrete  Processes 21





































































































20 40 60 80 100
Time
50
100
150
Temperature
FIGURE 2.3: The cup of coﬀee initially at 190 ◦
F reaches the room temper-
ature of 70 ◦
F as n increases.
given by
an+1 = (1 + r)an + 5000 = (1 + 0.04)an + 5000 = 1.04an + 5000
Thus the amount for three consecutive years will be
a1 = 1.04a0 + 5000 = 1.04 × 10000 + 5000 = 10400 + 5000 = 15400
a2 = 1.04 × 15400 + 5000 = 16016 + 5000 = 21016
a3 = 1.04 × 21016 + 5000 = 21856.64 + 5000 = 26856.64
and so on. Let us now consider a diﬀerent scenario, where no deposits are
made but Rs. 2000.00 is withdrawn at the end of each year. We want to ﬁnd
out how much money be deposited, so that we never run out of cash. The
model for this scenario is
an+1 = 1.04an − 2000,
where we assume that the money is withdrawn after the interest from previous
years has been added and we are not penalized for withdrawing money each
year. The equilibrium value for this is given by
an+1 = an = a∗
n
⇒ 1.04a∗
n − 2000 = a∗
n
⇒ a∗
n =
2000
0.04
= 50000.00
Thus, if the initial deposit (a0) in the account is Rs. 50000.00 and we withdraw
Rs. 2000 each year, then the account will always have the same amount at the
end of each year (see Figure 2.4).
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An obvious question is what happen if a0  50000 or a0  50000. Figure
2.4 shows that if a0 is less that 50000, the amount in the account decreases to
zero and the amount grows without bound if a0 is greater than 50000. Thus
the system approaches zero or increases without bound if a0 = 50000 and
therefore this equilibrium value is unstable.



10 20 30 40
Time
20000
40000
60000
80000
100000
Amount in Rupees
FIGURE 2.4: The amount of money as time increases when the initial de-
posits a0  50000, a0 = 50000 and a0  50000.
2.3.4 Drug Delivery Problem
Suppose a patient is given a drug to treat some infection. The amount of
drug in the patient’s bloodstream decreases at the rate of 50% per hour. To
sustain the drug to a certain level, an injection is given at the end of each
hour that increases the amount of drug in the bloodstream by 0.2 unit. The
dynamic model which describes this scenario is given by
an+1 = 0.5an + 0.2
where an is the amount of drug in the blood at the end of each hour.
The equilibrium solution of this model is given by
an+1 = an = a∗
⇒ 0.5a∗
n + 0.2 = a∗
⇒ a∗
= 0.4
The long-term behavior of the system will depend on the initial value a0.
The ﬁgure shows that no matter what is the value of a0, the system always
approaches the value of 0.4, implying that 0.4 is a stable equilibrium (see
Figure 2.5).
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FIGURE 2.5: The amount of drug in a patient’s bloodstream always reaches
the steady state value 0.4, independent of the initial value a0, implying a stable
equilibrium.
2.3.5 Economic Model (Harrod Model)
The Harrod model [89], which was developed in the 1930s, gives some in-
sight into the dynamics of economic growth. The model aims to determine
an equilibrium growth rate for the economy. Let Gn be the Gross Domestic
Product (GDP) on national income, which is one of the primary indicators to
determine a country’s economy and S(n) and I(n) be the savings and invest-
ment of the people. The Harrod model assumed that in a country people’s
savings depend on GDP or national income, that is, savings is a constant
proportion of current income, which implies
Sn = aGn (a  0) (2.6)
Harrod further assumed that the investment made by the people depends on
the diﬀerence between the GDP of the current year and the last year, that is,
In = b (Gn − Gn−1) , b  a (2.7)
Finally, the Harrod model assumed that all the savings made by the people
are invested, that is,
Sn = In (2.8)
From (2.6), (2.7) and (2.8), we obtain
b (Gn − Gn−1) = Sn = a Gn
⇒ Gn =
b Gn−1
b − a
, whose solution is
Gn = G(0)

b
b − a
n
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Thus, Harrod’s model concludes that GDP or national income increases geo-
metrically with time.
2.3.6 Arms Race Model
We consider two countries engaged in an arms race. We assume that the
two countries have similar economic strength and the same level of distrust for
each other. Let Mn be the total amount of money spent by the two countries
on arms. Let g ( 0) measure the restraint of growth due to economic strength
(or weakness) of the countries and d ( 0), the level of distrust between the
two countries. Both the countries also spent a constant amount (say, k) of
money for buying arms irrespective of involving in an arms race. Then, the
dynamic discrete model for the total amount of money Tn spent on arms by
each country after n years is given by
Tn = (1 − g) Tn−1 + d Tn−1 + k
⇒ Tn = (1 − g + d) Tn−1 + k
Tn = (1 − g + d)n
T0 + k(
1 − (1 − g + d)n
1 − (1 − g + d)
)
Tn = (1 − g + d)n
T0 + k(
1 − (1 − g + d)n
g − d
)
The equilibrium solution is
Tn = Tn−1 = T ∗
⇒ (1 − g + d)Tn−1 + k = Tn−1
⇒ T ∗
=
k
g − d
, (g  d)
Thus, as time increases, the total amount of money spent on arms reaches
a steady state and both the countries have a ”stable” arms race (see Figure
2.6).
2.3.7 Linear Prey-Predator Problem
We consider a forest containing Tigers (Predator) and Deer (Prey). The
tigers kill their prey, that is, deer, for food. Let Tn and Dn be the respective
population of tigers and deer at the end of year n. We try to formulate the
model to examine the long-term behavior of the two species under the few
assumptions. We assume that
(i) Deer are the only source of food for the tigers and tigers are the only
predators for deer.
(ii) The deer population will grow if there are no tigers and without the deer
population, the tigers will die out.
(iii) The rate at which the tiger population grows increases with the presence of
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FIGURE 2.6: The amount of money spent by both the countries on arms
reaches a steady state value with increasing time. Parameter values g = 0.6,
d = 0.1 and k = 100.
the deer population and the rate at which the deer population grows decreases
with the presence of the tiger population.
Under these assumptions, the dynamic model for this scenario is given by
[2]
ΔTn = Tn+1 − Tn = −αTn + βDn
ΔDn = Dn+1 − Dn = γDn − δTn
where ΔTn and ΔDn are the rates of change in the tiger and deer populations
respectively and α, β, γ and δ are positive constants, 0  α, γ  1. Re-writing
them, we get the two dimensional linear discrete dynamical system as
Tn+1 = (1 − α)Tn + βDn ≡ f1(Tn, Dn)
Dn+1 = −δTn + (1 + γ)Dn ≡ f2(Tn, Dn)
Here, α is the rate at which the tigers die if no deer are available for food
and β is the rate at which the tiger population grows when the food (deer) is
available. Similarly, the deer population grows at a rate γ when no tigers are
around and decreases at a rate δ in the presence of a tiger population.
(0, 0) is the only equilibrium point. For stability, we calculate the Jacobian
matrix at (0,0), given by

1 − α β
−δ 1 + γ

.
The eigenvalues of the Jacobian matrix are 2 − α + γ −

(α + γ)2 − 4αβ
and 2 − α+ γ +

(α + γ)2 − 4αβ. For stability, both the eigenvalues must be
numerically less than 1, that is,
|2 − α + γ −

(α + γ)2 − 4αβ|  1 and |2 − α + γ +

(α + γ)2 − 4αβ|  1
 


	49. 26 Mathematical Modeling:  Models, Analysis and Applications
Let α = 0.5, β = 0.4, γ = 0.1 and δ = 0.17, then the eigenvalues of the Ja-
cobian matrix

1 − α β
−δ 1 + γ

=

0.5 0.4
−0.17 1 + 1.1

are 0.948 and 0.652,
whose modulus is less than 1. Hence, the system is stable as shown in Figure
2.7A. Now, we change δ (death rate of deer in the presence of tigers) to 0.05
and observe the change in dynamics. The eigenvalues now are 1.06 and 0.535.
Clearly, one of the eigenvalues is 1.06, whose modulus is greater than 1 and
therefore, the system is unstable (see Figure 2.7B).
We now ﬁx the initial population of deer at 200 and would like to see how
the dynamics change with varying tiger population. With T0  500, both the
populations grow unboundedly (Figure2.7C) but for suﬃcient large T0 (say,
2300), both the species reach the equilibrium solution (Figure2.7D). Readers
can check for similar dynamics with a ﬁxed population of tigers (say, 600) and
varying the initial population of deer.
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FIGURE 2.7: Diﬀerent behaviors of tiger and deer populations with changing
parameter values and initial conditions.
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2.4 Non-Linear Models
Density dependence is not considered by linear models, which assume that
the same growth characteristics are applied to the population regardless of
their sizes. In the natural world, linear growths are seldom seen (except for
bacteria and viruses). Non-linear models or density dependent models are
quite successful in this regard. The non-linear models successfully capture
the density dependence and their varying eﬀects, which is reﬂected in the
qualitative behavior of the solutions of the models.
2.4.1 Density Dependent Growth Models
We now consider the growth of a population xn of a species after n genera-
tions, which is density dependent. Let the population grow linearly at a rate r
and its growth is inhibited due to overpopulation. This results in a non-linear
discrete equation as
xn+1 = axn − bx2
n (r  0, b  0)
OR
xn+1 = rxn
	
1 −
xn
k


(r, k  0)
Both the equations are called discrete logistic equations and are perhaps the
most commonly used models of density dependence because of their simplicity.
Richer’s model is another example for a density dependent model for the
population xn of a species after n generations and is given by
xn+1 = αxne−βxn
(α  0, β  0)
where α represents the maximal growth rate of the organism and β is the
inhibition of growth caused by overpopulation.
2.4.2 The Learning Model
When we learn a new topic, the following principle may apply. If the cur-
rent amount learned is Ln, then Ln+1 equals Ln, minus the fraction r of Ln
forgotten, plus the new amount learned, which we assume is inversely pro-
portional to the amount already learned, that is, Ln. Under the following
assumptions, the model is given by
Ln+1 = Ln − rLn +
k
Ln
(0 ≤ r  1, k  0)
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(we assume that the person learning the new topic cannot forget the whole
part of the topic learned). The steady state solution is given by
Ln+1 = Ln = L∗
n
⇒ L∗
n =

k
r
Let f(Ln) = Ln − rLn +
k
Ln
Perturbation about L∗
n satisﬁes
L
n+1 = aL
n
where a = f
(L∗
n) = 1 − 2r
Therefore, the system is stable if |1−2r|  1, that is, 0  r  1
2 , and unstable
if |1 − 2r|  1, that is, r  1
2 .
2.5 Miscellaneous Examples
Problem 2.5.1
Let tn be the temperature in degrees centigrade and n be the number of meters
above the ground. The air cools by about 0.02 ◦
C for each meter rise above the
ground level.
(i) Formulate a discrete dynamical system to model this situation.
(ii) If the current temperature at ground level is 30 ◦
C, ﬁnd the temperature
500 m above the ground.
(iii) Find the height above the ground level at which the temperature is 0 ◦
F.
Solution:
(i) The discrete dynamical model is given by tn = tn−1 − 0.02, where tn is the
temperature in degrees centigrade, n meters above the ground.
(ii) The temperature 0.5 km. (500 m.) above the ground is given by
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t500 = t499 − 0.02
t499 = t498 − 0.02
t498 = t497 − 0.02
− − − − − − −
− − − − − − −
t2 = t1 − 0.02
t1 = t0 − 0.02
Adding, we get, t500 = t0 − 0.02 × 500
= 30 − 0.02 × 500 = 30 − 10 = 20o
C.
In general, tn = t0 − 0.02 n
(iii) If n be the height above the ground at which the temperature is about
0 ◦
C, then, 0 = 30 − 0.02× n ⇒ n = 1500 m, that is, 1.5 km.
Problem 2.5.2 The Doppler eﬀect states that if one travels toward a sound,
the frequency of the sound seems higher. The frequency of middle C on a piano
keyboard is 256 cycles per second. For each mile per hour one increases speed,
the apparent frequency of the sound increases by 256
760 cycles per second, where
760 miles/h is the speed of the sound.
(i) Formulate a discrete dynamical system to model this situation.
(ii) How fast does one need to travel for the middle C of a keyboard to sound
like C#, which is 271 cycles per second?
(iii) How fast does one need to travel for the middle C of keyboard to sound
like the C that is 1 octave higher, that is, C is 512 cycles/second?
Solution:
(i) Let fn be the frequency of the sound that one hears, in cycles per speed,
when traveling at a speed of n miles/h towards the sound, then the discrete
dynamical model is
fn = fn−1 +
256
760
, which can also be expressed as fn = f0 +
256n
760
.
(ii) C# sounds like 271 cycles per second, which implies that fn = 271 and
f0 = 256, and we get
271 = 256 +
256n
760
⇒ n = 44.53 miles/h.
Thus, one has to travel approximately at the rate of 44.53 miles/h towards
the sound to sound like C#, which is 271 cycles per second.
(iii) Putting fn = 512, f0 = 256, we get
512 = 256 +
256n
760
⇒ n = 760 miles/hour.
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This shows that one needs to travel at the speed of sound for the middle C of
a keyboard to sound like the C that is 1 octave higher.
Problem 2.5.3 Let Un and Vn be the total amount of pollutant in lakes A
and B respectively, in year n, and that 38% of the pollutant from lake A and
13% of the pollutant from lake B are removed every year. Also, the pollutant
that is removed from lake A is added to lake B due to the ﬂow of water from
lake A to lake B. Also it is assumed that 3 tons of pollutant are directly added
to lake A and 9 tons of pollutant are added to lake B [115].
(i) Develop a discrete dynamical system from the above information. Find the
equilibrium points and state whether they are stable or not.
(ii) Suppose it is determined that an equilibrium level of a total of 10 tons
of pollutant in lake A and a total of 30 tons in lake B would be acceptable.
What restrictions should be placed upon the total amounts of pollutants that
are added directly, so that these equilibria can be achieved?
Solution: From the schematic diagram (see Figure 2.8), the discrete dy-
namical system is formulated as
FIGURE 2.8: The schematic diagram of Problem 2.5.3, where Un and Vn
are the total amount of pollutant in lakes A and B respectively, in year n.
Un = Un−1 − 0.38Un−1 + 3
Vn = Vn−1 + 0.38Un−1 − 0.13Vn−1 + 9,
where Un and Vn are the total amounts of pollutants in lake A and lake B
respectively, in year n. The equilibrium point is obtained by solving
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Un = Un−1 = U∗
and Vn = Vn−1 = V ∗
⇒ U∗
= U∗
− 0.38U∗
+ 3 and
V ∗
= V ∗
+ 0.38U∗
− 0.13V ∗
+ 9
⇒ U∗
= 7.9, V ∗
= 92.3
Therefore, the equilibrium point of the system is (7.9, 92.3). The system can
be rewritten as
Un = 0.62Un−1 + 3
Vn = 0.38Un−1 + 0.87Vn−1 + 9
The coeﬃcient matrix A of the system is given by A =

0.62 0
0.38 0.87

whose
eigenvalues are given by
| A − λI |= 0
⇒
 





	58. 0.62 − λ  0
0.38 0.87 − λ
 





	62. = 0
⇒ λ  = 0.62, 0.87,
whose modulus is less than 1 and hence the system is stable.
(ii) Suppose the equilibrium values are set to be U∗
= 10 tons and V ∗
= 30
tons, and let x and y be the amounts of pollutants that are added directly to
the lakes, respectively. Then,
U∗
= U∗
− 0.38U∗
+ x
V ∗
= V ∗
+ 0.38U∗
− 0.13V ∗
+ y
where U∗
= 10 and V ∗
= 30. Solving, we get x = 3.8 tons, y = 0.1 tons.
Problem 2.5.4 You buy a house for Rs. 900, 000 (Indian Rupees). You put
Rs. 100, 000 as down payment and mortgage the rest for 30 years at 9.75%
annual interest.
(i) Write a discrete dynamical system that models how the amount owed on
this mortgage changes from month to month and solve it analytically.
(ii) Find the equilibrium value of this model.
Solution: (i) According to the problem, Amount of house = Rs. 900,000,
Down payment = Rs. 100,000, Mortgage term = 30 years = 360 months,
L0 =Loan amount = Rs. 800,000. Let Ln be the loan amount left at the
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end of n payment, i be the monthly rate of interest and M be the monthly
payment. Then,
Ln = Ln−1 + iLn−1 − M
⇒ Ln = (1 + i)Ln−1 − M
L1 = (1 + i)L0 − M
L2 = (1 + i)L1 − M = (1 + i)2
L0 − M[1 + (1 + i)]
L3 = (1 + i)L2 − M = (1 + i)3
L0 − M[1 + (1 + i) + (1 + i)2
]
..... .. ............................................................
Ln = (1 + i)Ln−1 − M = (1 + i)n
L0 − M[1 + (1 + i) + (1 + i)2
+ ..... + (1 + i)n−1
]
∴ Ln = (1 + i)n
L0 −
M[(1 + i)n
− 1]
i
(ii) We observe that L360 = 0, i = 9.75%/12 = 0.008125 (as the rate of
interest is annual), therefore,
0 = (1.008125)360
× 8 × 105
=
M[(1.008125)360
− 1]
0.008125
⇒ M = Rs. 6, 873.00
(iii) The equilibrium value is given by
Ln = Ln−1 = L∗
L∗
= (1 + i)L∗
− M
M = iL∗
6873/0.008125
L∗
= Rs. 845, 937.00.
Problem 2.5.5 The dynamical system that models the amount of alcohol in
a person’s body is given by Un+1 = Un − 9Un
4.2+Un
+d where Un is the number of
grams of alcohol in the body at the beginning of hour n and d is the constant
amount consumed per hour. Find the equilibrium value, given that this person
consumes 7 gms of alcohol per hour. Is the system stable?
Solution: The equilibrium point is given by
Un = Un−1 = U∗
⇒ U −
9U
4.2 + U
+ 7 = U
⇒ U∗
= 14.7
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Consider Un = f(Un−1) = f(x) (say). Then f(x) = x − 9x
4.2+x + 7, which on
diﬀerentiation gives
f
(x) = 1 −
4.2 × 9
(4.2 + x)2
⇒ f
(14.2) = 0.894
| f
(14.2) | 1
Therefore, the system is stable.
Problem 2.5.6 Consider the price model Pn+1 = 1
Pn
+ Pn
2 − 1. Find the two
equilibrium points and determine their stability.
Solution: The equilibrium points are given by
Pn+1 = Pn = P∗
⇒
1
P∗
+
P∗
2
− 1 = P
⇒ P∗
= 0.732, −2.732.
Now,
Pn = f(Pn−1) =
1
Pn−1
+
Pn−1
2
− 1 = f(P) (say)
⇒ f
(P) = −
1
P2
+
1
2
⇒ f
(0.732) = −1.36 ⇒ | f
(0.732) | 1
⇒ the system is unstable about P=0.732.
Also, f
(−2.732) = 0.366 ⇒| f
(−2.732) | 1
⇒ the system is stable about P=-2.732.
Problem 2.5.7 Suppose that each day, 3% of material A decays into material
B and 9% of material B decays into lead. Suppose that initially there are 50
grams of A and 7 grams of B.
(i) Formulate a discrete dynamical system to model this situation. How much
of each material will be left after 5 days?
(ii) Make a graph of A(n) and B(n) for n going from 0 to 50, and observe
how they behave.
(iii) Suppose that after 30 days there are 20 grams of material B left, but there
were only 10 grams of B to start with. How many grams of material A were
there to begin with, to the nearest gram?
Solution: (i) Material A → Material B → Lead.
Let An, Bn be the amounts of materials A and B respectively after n days,
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A0, B0− be the amounts of materials A and B initially present and a, b are
the rates of decay of A and B. Then, according to the problem, we get
An = An−1 − aAn−1
Bn = Bn−1 − bBn−1 + aAn−1
An = (1 − a)An−1
A1 = (1 − a)A0
A2 = (1 − a)A1 = (1 − a)2
A0
A3 = (1 − a)A2 = (1 − a)3
A0
∴ An = (1 − a)n
A0
B1 = (1 − b)B0 + aA0
B2 = (1 − b)B1 + aA1 = [(1 − b)2
B0 + a(1 − b)A0] + a(1 − b)A0
B3 = (1 − b)B2 + aA2 = (1 − b)3
B0 + a(1 − b)2
A0 + a(1 − a)(1 − b)A0
+ a(1 − a)2
A0
Bn = (1 − b)2
B0 + aA0[(1 − b)n−1
+ (1 − b)n−2
(1 − a) + ... + (1 − a)n−1
]
Bn = (1 − b)n
B0 +
a[(1 − b)n
− (1 − a)n
]
a − b
Given a = 3%, b = 9%, A0 = 50 g, B0 = 7 g. Therefore, after 5 days the
amounts of material that will be left are
A5 = (0.97)5
50 = 42.949 g
B5 = (0.91)5
× 7 +
0.03 × 50(0.975
− 0.915
)
0.06
= 10.24 g.
(ii) From Figure 2.9, it is clear that material A slowly decreases, whereas
material B increases till n = 20 and then slowly decreases.
(iii) Here, a = 0.03, b = 0.09, B30 = 20 and B0 = 10
B30 = (1 − 0.09)30
× 10 +
0.03 × A0(0.9730
− 0.9130
)
0.06
= 20
A0 = 113.51 ≈ 114 g.
Problem 2.5.8 Suppose you have a roll of paper, such as paper towels. Let
the radius of the cardboard core be 0.5 inches. Suppose the paper is 0.002 inches
thick. Let r(n) represent the radius, in inches, of the roll when the paper has
been wrapped around the core n times. Let l(n) be the total length of the paper
when it is wrapped about the core n times. Note that r(0)=0.5 and l(0)=0.
Remember, the circumference of a circle is given by c = 2πr.
(i) Develop a dynamical system for r(n) in terms of r(n-1).
(ii) Develop a dynamical system for l(n) in terms of r(n-1) and l(n-1).
(iii) What is the length of paper on the roll when it has a radius of 2 inches?
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FIGURE 2.9: The behavior of material A(n) and material B(n) with respect
to time in days.
Solution: (i) Let Rn be the radius when paper is wrapped n times and
Ln be the length of paper used for wrapping till n times.
Rn = Rn−1 + t (thickness of paper)
R1 = R0 + t
R2 = R1 + t = R0 + 2t
R3 = R2 + t = R0 + 3t
...... .. ...............................
⇒ Rn = R0 + nt
(ii)
Ln = Ln−1 + 2πRn−1
L1 = L0 + 2πR0 = 2πR0 (∵ L0 = 0)
L2 = L1 + 2πR1 = 2πR0 + 2πR0 + 2πt = 4πR0 + 2πt
L3 = L2 + 2πR2 = 4πR0 + 2πt + 2πR0 + 4πt
L3 = 6πR0 + 6πt
L4 = L3 + 2πR3 = 6πR0 + 6πt + 2πR0 + 6πt
= 8πR0 + 12πt
..... .. ........................................
∴ Ln = 2πnR0 + n(n + 1)πt
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(iii) Now, given R0 = 0.5 inches, t = 0.002 inches and L0 = 0, which implies,
Rn = 0.5 + 0.002n and Ln = πn + 0.002πn(n + 1)
We have to ﬁnd the length of the paper when the radius of the roll is 2 inches,
that is, Rn = 2. Therefore,
2 = 0.5 + 0.002n
⇒ n =
1.5
0.002
= 750. Therefore,
L150 = 2π × 750 × 0.5 + 750 × 751π × 0.002
= 5895.2 inches.
Problem 2.5.9 Presently you weigh 169 pounds. You consume x pounds
worth of calories each week. Assume your body burns oﬀ the equivalent of
3% of its weight each week through normal metabolism. In addition, you burn
oﬀ 1
4 pound of weight through daily exercise each week. Find x to one decimal
place if you want to weigh between 144 and 146 pounds in 1 year (52 weeks).
Solution: Let Wn be the weight after n weeks. The calories consumed
each week is x pounds and W0 = initial weight = 169 pounds.
Wn = Wn−1 − 0.03Wn−1 − 0.25 + x
Wn = 0.97Wn−1 + x − 0.25
W1 = 0.97W0 + x − 0.25
W2 = 0.97W1 + x − 0.25 = 0.972
W0 + (x − 0.25)[1 + 0.97]
W3 = 0.97W2 + x − 0.25 = 0.973
W0 + (x − 0.25)[1 + 0.97 + 0.972
]
Wn = 0.97n
W0 + (x − 0.25)
[1 − 0.97n
]
1 − 0.97
Now, according to the problem,
144  W52  146
⇒ 144  (0.97)52
× 169 + (x−0.25)
0.03 [1 − (0.97)52
]  146
⇒ 4.375  x  4.45
⇒ x = 4.4 pounds worth of calories.
Problem 2.5.10 A certain drug is eﬀective in treating a disease if the con-
centration remains above 100 mg/L. The initial concentration is 640 mg/L. It
is known from laboratory experiments that the drug decays at the rate of 20%
of the amount present each hour.
(i) Formulate a linear discrete system that models the concentration after each
hour.
(ii) Find graphically at what hour the concentration reaches 100 mg/L.
(iii) Modify your model to include a maintenance dose administered every
hour.
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(iv) Check graphically or otherwise to determine the maintenance doses that
will keep the concentration above the minimum eﬀective level of 100 mg/L,
and below the maximum safe level of 800 mg/L.
(v) Working with the maintenance doses you found in (iv), try varying the
initial concentration. What do you observe about the tendency to stay within
the necessary bounds, as well as the long-term tendency?
Solution: (i) Let Cn be the concentration of drug at hour n. Since the
drug decays at the rate of 20% of the amount present each hour, the linear
discrete model is given by
Cn = Cn−1 −
20
100
Cn−1
Cn = 0.8Cn−1
C1 = 0.8C0 (C0 being the initial concentration of the drug)
C2 = 0.8C1 = (0.8)2
C0
C3 = 0.8C2 = (0.8)3
C0
∴ Cn = (0.8)n
C0 = (0.8)n
× 640.
(ii) From the graph (see Figure 2.10), we can see that after 9 hours, the
concentration reaches 100 mg/L. Thus, doses must be provided before this
time for recovery.
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FIGURE 2.10: The behavior of the concentration of drugs C(n) with respect
to time in hours.
(iii) Let x ml/L be the hourly dose. Then,
Cn = 0.8Cn−1 + x
(iv) Equilibrium solution is C∗
= 5x.
Now, according to the problem, 100  5x  800 ⇒ 20  x  160.
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