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	4. Circuit-EM Co-Design Lab
Maxwell  Equations
❑ The general form of time-varying Maxwell equations, then, can be written
in "point," or differential, form as
∇ × Ē = −
∂B̄
∂t
− M
∇ × H =
∂D
∂t
+ ¯
J
∇ · D = ρ
∇ · B = 0
4/43
 


	5. Circuit-EM Co-Design Lab
Maxwell  Equations
❑ Assuming an ejow
time dependence, we can replace the time derivatives
with jω.
❑ Maxwell’s equations in phasor form then become
∇ × Ē = −jωB̄ − M̄
∇ × H̄ = jωD̄ + ¯
J
∇ · D̄ = ρ
∇ · B̄ = 0
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	6. Circuit-EM Co-Design Lab
The  Wave Equation
❑ In a source-free, linear, isotropic, homogeneous region, Maxwell’s curl
equations in phasor form are
∇ × Ē = −jωµH̄
∇ × H̄ = jωϵĒ
❑ Constitute two equations for the two unknowns, Ē and H̄
❑ As such, they can be solved for either Ē or H̄.
❑ Taking the curl of ∇ × Ē = −jωµH̄ and using ∇ × H̄ = jωϵĒ gives
∇ × ∇ × Ē = −jωµ∇ × H̄ = ω2
µϵĒ
which is an equation for Ē.
❑ Using the vector identity ∇ × ∇ × Ā = ∇(∇ · Ā) − ∇2
Ā, we can write
∇2
Ē + ω2
µϵĒ = 0
because ∇ · Ē = 0 in a source-free region.
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	7. Circuit-EM Co-Design Lab
The  Wave Equation
❑ An identical equation for H̄ can be derived in the same manner:
∇2
H̄ + ω2
µϵH̄ = 0
A constant k = ω
√
µϵ is defined and called the propagation constant (also
known as the phase constant, or wave number , of the medium; its units
are 1/m.
❑ In general form the wave equation can be written as
∇2
Ψ̄ + k2
Ψ̄ = 0
where
k = ω
√
µϵ = ω
√
ϵrµr
√
ϵ0µ0 ≈ ω
√
ϵrµr
r
1
36π×109

(4π × 10−7) =
ω
√
ϵrµr
c
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	8. Circuit-EM Co-Design Lab
Plane  Waves in a Lossless Medium
❑ In a lossless medium, ϵ and µ are real numbers, and k is real.
❑ A basic plane wave solution to the above wave equations can be found by
considering an electric field with only an x̂ component and uniform (no
variation) in the x and y directions.
❑ Then, ∂/∂x = ∂/∂y = 0, and the Helmholtz equation reduces to
∂2
Ex
∂z2
+ k2
Ex = 0
❑ The two independent solutions to this equation are easily seen, by
substitution, to be of the form
Ex(z) = E+
e−jkz
+ E−
ejkz
where E+
and E−
are phasor of forward and backward wave.
❑ The above solution is for the time harmonic case at frequency ω.
❑ In the time domain, this result is written as
Ex(z, t) = |E+
| cos(ωt − kz + ∠E+
) + |E−
| cos(ωt + kz + ∠E−
)
where we have assumed that E+
and E−
are real constants.
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	9. Circuit-EM Co-Design Lab
Plane  Waves in a Lossless Medium
❑ First term represents a wave traveling in the +z direction because, to
maintain a fixed point on the wave (cot −kz = constant), one must move
in the +z direction as time increases.
❑ Similarly, the second term represents a wave traveling in the negative z
direction-hence the notation |E+
| and |E−
| for these wave amplitudes.
❑ The velocity of the wave in this sense is called the phase velocity
because it is the velocity at which a fixed phase point on the wave travels,
and it is given by
vp =
dz
dt
=
d
dt

ωt − constant
k

=
ω
k
=
1
√
µϵ
❑ In free-space, we have vp = 1/
√
µ0ϵ0 = c = 2.998 × 108
m/sec, which is
the speed of light.
❑ The wavelength, λ, is defined as the distance between two successive
maxima (or minima, or any other reference points) on the wave at a fixed
instant of time.
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	10. Circuit-EM Co-Design Lab
Plane  Waves in a Lossless Medium
❑ we can write
(ωt − kz) − [ωt − k(z + λ)] = 2π
λ =
2π
k
=
2πvp
ω
=
vp
f
❑ Using Maxwell equations and E-field wave equation we can write
H̄ =
1
−jωµ
∇ × Ē = ŷ
k
ωµ
E+
e−jkz
− E−
ejkz

or
Hy =
j
ωµ
∂Ex
∂z
=
1
η
E+
e−jkz
− E−
ejkz

where η = ωµ/k =
p
µ/ϵ = 120π
p
µr/ϵr is known as the intrinsic
impedance of the medium.
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	11. Circuit-EM Co-Design Lab
Plane  Waves in a General Lossy Medium
❑ If the medium is conductive, with a conductivity σ, Maxwell’s curl
equations can be written as
∇ × Ē = −jωµH̄
∇ × H̄ = jωĒ + σĒ
❑ The resulting wave equation for Ē then becomes
∇2
Ē + ω2
µϵ

1 − j
σ
ωϵ

Ē = 0
∇2
Ē + k2
Ē = 0
where k2
= ω2
µϵ 1 − j σ
ωϵ

❑ We can define a complex propagation constant for the medium as
γ = α + jβ = jω
√
µϵ
r
1 − j
σ
ωϵ
where α is the attenuation constant and β is the phase constant.
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	12. Circuit-EM Co-Design Lab
Plane  Waves in a General Lossy Medium
❑ If we again assume an electric field with only an x̂ component and
uniform in x and y, the wave equation reduces to
∂2
Ex
∂z2
− γ2
Ex = 0
which has solutions
Es(z) = E+
e−γz
+ E−
eγz
❑ The positive traveling wave then has a propagation factor of the form
e−γz
= e−αz
e−jβz
which in the time domain is of the form
e−αz
cos(ωt − βz)
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	13. Circuit-EM Co-Design Lab
Plane  Waves in a General Lossy Medium
❑ We see that this represents a wave traveling in the +z direction with a
phase velocity vp = ω/β, a wavelength λ = 2π/β, and an exponential
damping factor.
❑ The rate of decay with distance is given by the attenuation constant, α.
❑ The negative traveling wave term is similarly damped along the −z axis.
❑ If the loss is removed, σ = 0, and we have γ = jk and α = 0, β = k
❑ Loss can also be treated through the use of a complex permittivity. With
σ = 0 but ϵ = ϵ′
− jϵ′′
complex, we have that
γ = jω
√
µϵ = jk = jω
p
µϵ′(1 − j tan δ)
where tan δ = ϵ′′
/ϵ′
is the loss tangent of the material.
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	14. Circuit-EM Co-Design Lab
Plane  Waves in a General Lossy Medium
❑ The associated magnetic field can be calculated as
Hy =
j
ωµ
∂Ex
∂z
=
−jγ
ωµ
E+
e−γz
− E−
eγz

❑ The intrinsic impedance of the conducting medium is now complex,
η =
jωµ
γ
but is still identified as the wave impedance, which expresses the ratio of
electric to magnetic field components.
❑ We can rewrite the magnetic field as
Hy =
1
η
E+
e−γz
− E−γz

❑ Note that although η is, in general, complex, it reduces to the lossless
case of
η =
p
µ/ϵ when γ = jk = jω
√
µϵ
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	15. Circuit-EM Co-Design Lab
Plane  Waves in a Good Conductor
❑ A good conductor is a special case of the preceding analysis, where the
conductive current is much greater than the displacement current, which
means that σ ≫ ωϵ.
❑ Most metals can be categorized as good conductors. In terms of a
complex ϵ, rather than conductivity, this condition is equivalent to ϵ′′
≫ ϵ′
.
❑ The propagation constant can then be adequately approximated by
ignoring the displacement current term, to give
γ = α + jβ ≃ jω
√
µϵ
r
σ
jωϵ
= (1 + j)
r
ωµσ
2
❑ The skin depth or characteristic depth of penetration, is defined as
δs =
1
α
=
r
2
ωµσ
❑ At microwave frequencies, for a good conductor, this distance is very
small.
❑ The practical importance of this result is that only a thin plating of a good
conductor (c.g., silver or gold) is necessary for low-loss microwave
components.
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	16. Circuit-EM Co-Design Lab
Plane  Waves in a Good Conductor
❑ The intrinsic impedance inside a good conductor can be obtained as
η =
jωµ
γ
≃ (1 + j)
r
ωµ
2σ
= (1 + j)
1
σδs
❑ Notice that the phase angle of this impedance is 45◦
, a characteristic of
good conductors.
❑ The phase angle of the impedance for a lossless material is 0◦
,
❑ The phase angle of the impedance of an arbitrary lossy medium is
somewhere between 0◦
and 45◦
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GENERAL  PLANE WAVE SOLUTIONS
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	18. Circuit-EM Co-Design Lab
GENERAL  PLANE WAVE SOLUTIONS
❑ In free-space, the Helmholtz equation for Ē can be written as
∇2
Ē + k2
0Ē =
∂2
Ē
∂x2
+
∂2
Ē
∂y2
+
∂2
Ē
∂z2
+ k2
0Ē = 0
❑ This vector wave equation holds for each rectangular component of Ē :
∂2
Ei
∂x2
+
∂2
Ei
∂y2
+
∂2
Ei
∂z2
+ k2
0Ei = 0
where the index i = x, y, or z.
❑ This equation can be solved by the method of separation of variables
❑ Ex, can be written as a product of three functions for each of the three
coordinates:
Ex(x, y, z) = f(x)g(y)h(z)
❑ Substituting this form into Helmholtz equation and dividing by fgh gives
f′′
f
+
g′′
g
+
h′′
h
+ k2
0 = 0
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	19. Circuit-EM Co-Design Lab
GENERAL  PLANE WAVE SOLUTIONS
❑ f′′
/f is only a function of x, and the remaining terms do not depend on x,
so f′′
/f must be a constant.
f′′
/f = −k2
x; g′′
/g = −k2
y; h′′
/h = −k2
z
or
d2
f
dx2
+ k2
xf = 0;
d2
g
dy2
+ k2
yg = 0;
d2
h
dz2
+ k2
zh = 0
and
k2
x + k2
y + k2
z = k2
0
❑ Solutions to these equations have the forms e±jkxx
, e±jkyy
and e±jkzz
,
respectively.
❑ Consider a plane wave traveling in the positive direction for cach
coordinate and write the complete solution for Ex as
Ex(x, y, z) = Ae−j(kxx+kyy+kzz)
where A is an arbitrary amplitude constant.
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	20. Circuit-EM Co-Design Lab
GENERAL  PLANE WAVE SOLUTIONS
❑ Now define a wave number vector k̄ as
k̄ = kxx̂ + kyŷ + kzẑ = k0n̂
where |k̄| = k0, and so n̂ is a unit vector in the direction of propagation.
❑ Also define a position vector as
r̄ = xx̂ + yŷ + zẑ
❑ then Ex can be written as
Ex(x, y, z) = Ae−jk̄·r̄
❑ Similarly
Ey(x, y, z) = Be−jk̄·r̄
Ez(x, y, z) = Ce−jk̄·r̄
20/43
 


	21. Circuit-EM Co-Design Lab
GENERAL  PLANE WAVE SOLUTIONS
❑ The total electric field can be represented as
Ē = Ē0e−jkj̄
where Ē0 = Ax̂ + Bŷ + Cẑ.
❑ As we know ∇ · Ē = 0, leads to
∇ · Ē = ∇ ·

Ē0e−jk̄·r̄

= Ē0 · ∇e−j⃗
k·r̄
= −jk̄ · Ē0e−jk̄·r̄
= 0
❑ Thus, we must have
k̄ · Ē0 = 0
❑ The electric field amplitude vector Ē0 must be perpendicular to the
direction of propagation, k̄.
❑ The magnetic field can be found from Maxwell’s equation,
∇ × Ē = −jωµ0H̄
21/43
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GENERAL  PLANE WAVE SOLUTIONS
❑ The magnetic fiend can be expressed as
H̄ =
j
ωµ0
∇ × Ē =
j
ωµ0
∇ ×

Ē0e−jk̄·r̄

=
−j
ωµ0
Ē0 × ∇e−jk̄·r̄
using∇ × (fĀ) = (∇f) × Ā + f∇ × Ā
=
−j
ωµ0
Ē0 × (−jk̄)e−jk̄·r̄
=
k0
ωµ0
n̂ × Ē0e−jk̄r̄
=
1
η0
n̂ × Ē0e−jk̄.r̄
=
1
η0
n̂ × Ē
22/43
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GENERAL  PLANE WAVE SOLUTIONS
❑ The time domain expression for the electric field can be found as
E(x, y, z, t) = Re

Ē(x, y, z)ejωt
= Re
n
Ē0e−jk̄.r̄
ejωt
o
= Ē0 cos(k̄ · r̄ − ωt),
❑ Corresponding magnetic field representation is
H(x, y, z, t) = Re

H̄(x, y, z)ejωt
= Re
n
H̄0e−jk̄.r̄
ejωt
o
= H̄0 cos(k̄ · r̄ − ωt)
=
1
η0
n̂ × ¯
E0 cos(k̄ · r̄ − ωt)
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Energy  and Power
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	25. Circuit-EM Co-Design Lab
Stored  Energy
❑ In the sinusoidal steady-state case, the time-average stored electric
energy in a volume V is given by
We =
1
4
Re
Z
V
Ē · D̄∗
dv
❑ In the case of simple lossless isotropic, homogeneous, linear media,
where ϵ is a real scalar constant, reduces to
We =
ϵ
4
Z
V
Ē · Ē∗
dv
❑ Similarly, the time-average magnetic energy stored in the volume V is
Wm =
1
4
Re
Z
V
H̄ · B̄∗
dv
which becomes
Wm =
µ
4
Z
V
H̄ · H̄∗
dv
for a real, constant, scalar µ
25/43
 


	26. Circuit-EM Co-Design Lab
Poynting’s  Theorem
❑ If we have an electric source current ¯
Js and a conduction current σĒ,
then the total electric current density is ¯
J = ¯
Js + σĒ.
❑ Also consider that we have magnetic source current M̄s.
❑ The Maxwell’ equations in frequency domain can be written as
∇ × Ē = −jωµH̄ − M̄ (1)
∇ × H̄ = jωĒ + ¯
J (2)
26/43
 


	27. Circuit-EM Co-Design Lab
Poynting’s  Theorem
❑ Multiplying (1) by H̄∗
and multiplying the conjugate of (2) by Ē yields
H̄∗
· (∇ × Ē) = −jωµ|H̄|2
− H̄∗
· M̄s (3)
Ē · ∇ × H̄∗

= Ē · ¯
J∗
− jωϵ∗
|Ē|2
= Ē · ¯
J∗
s + σ|Ē|2
− jωϵ∗
|Ē|2
(4)
❑ Using these two results in vector identity gives
∇ · Ē × H̄∗

= H̄∗
· (∇ × Ē) − Ē · ∇ × H̄∗

(5)
= −σ|Ē|2
+ jω ϵ∗
|Ē|2
− µ|H̄|2

− Ē · ¯
J∗
s + H̄∗
· M̄s

. (6)
❑ Now integrate over a volume V and use the divergence theorem:
Z
V
∇ · Ē × H̄∗

dv =
I
S
Ē × H̄∗
· ds̄ (7)
= −σ
Z
V
|Ē|2
dv + jω
Z
V
ϵ∗
|Ē|2
− µ|H̄|2

dv −
Z
V
Ē · ¯
J∗
s + H̄∗
· M̄s

dv
(8)
where S is a closed surface enclosing the volume V
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Poynting’s  Theorem
❑ Considering ϵ = ϵ′
− jϵ′′
and µ = µ′
− jµ′′
to be complex to allow for loss,
and rewriting (7) gives
−
1
2
Z
V
Ē · ¯
J∗
s + H̄∗
· M̄s

dv =
1
2
I
S
Ē × H̄∗
· ds̄ +
σ
2
Z
V
|Ē|2
dv
+
ω
2
Z
V
ϵ′′
|Ē|2
+ µ′′
|H̄|2

dv + j
ω
2
Z
V
µ′
|H̄|2
− ϵ′
|Ē|2

dv (9)
❑ This result is known as Poynting’s theorem, after the physicist J. H.
Poynting ( 1852 − 1914 ), and is basically a power balance equation.
❑ Thus, the integral on the left-hand side represents the complex power Ps
delivered by the sources ¯
Js and M̄s inside S :
Ps = −
1
2
Z
V
Ē · ¯
J∗
s + H̄∗
· M̄s

dv
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Poynting’s  Theorem
❑ The first integral on the right-hand side of (9) represents complex power
flow out of the closed surface S.
❑ If we define a quantity S̄, called the Poynting vector, as
S̄ = Ē × H̄∗
❑ Then this power can be expressed as
Po =
1
2
I
S
Ē × H̄∗
· ds̄ =
1
2
I
S
S̄ · ds̄
The surface S in (9) must be a closed surface for this interpretation to be
valid
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PLANE  WAVE REFLECTION FROM A MEDIA
INTERFACE
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OBLIQUE  INCIDENCE AT A DIELECTRIC
INTERFACE
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Oblique  Incident
32/43
 


	33. Circuit-EM Co-Design Lab
Parallel  Polarization
❑ In this case the electric field vector lies in the xz plane, and the incident
fields can be written as
Ēi =E0 (x̂ cos θi − ẑ sin θi) e−jk1(x sin θi+z cos θi)
(10)
H̄i =
E0
η1
ŷe−jk1(x sin θi+z cos θi)
(11)
where k1 = ω
√
µ0ϵ1 and η1 =
p
µ0/ϵ1 are the propagation constant and
impedance of region 1.
❑ The reflected and transmitted fields can be written as
Ēr = E0Γ (x̂ cos θr + ẑ sin θr) e−jk1(x sin θr−z cos θr)
(12)
H̄r =
−E0Γ
η1
ŷe−jk1(x sin θr−z cos θr)
(13)
Ēt = E0T (x̂ cos θt − ẑ sin θt) e−jk2(x sin θt+z cos θt)
(14)
H̄t =
E0T
η2
ŷe−jk2(x sin θt+z cos θt)
(15)
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Parallel  Polarization
❑ We can obtain two complex equations for these unknowns by enforcing
the continuity of Ex and Hy, the tangential field components, at the
interface between the two regions at z = 0. We then obtain
cos θie−jk1x sin θi
+ Γ cos θre−jk1x sin θr
= T cos θte−jk2x sin θt
, (16)
1
η1
e−jk1x sin θi
−
Γ
η1
e−jk1x sin θr
=
T
η2
e−jk2x sin θt
. (17)
❑ If Ex and Hy are to be continuous at the interface z = 0 for all x, then this
x variation must be the same on both sides of the equations, leading to
the following condition :
k1 sin θi = k1 sin θr = k2 sin θt
❑ This results in the well-known Snell’s laws of reflection and refraction:
θi = θr
k1 sin θi = k2 sin θt
❑ The above argument ensures that the phase terms vary with x at the
same rate on both sides of the interface, and so is often called the phase
matching condition.
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Parallel  Polarization
❑ Using (16) in (17) allows us to solve for the reflection and transmission
coefficients as
Γ =
η2 cos θt − η1 cos θi
η2 cos θt + η1 cos θi
T =
2η2 cos θi
η2 cos θt + η1 cos θi
❑ Observe that for normal incidence θi = 0, we have θy = θ2 = 0, so then
Γ =
η2 − η1
η2 + η1
and T =
2η2
η2 + η1
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Parallel  Polarization
❑ . For this polarization a special angle of incidence, θb, called the Brewster
angle, exists where Γ = 0.
❑ This occurs when the numerator of Γ goes to zero (θi = θb)
η2 cos θt = η1 cos θb, which can be rewritten using
cos θt =
q
1 − sin2
θt =
s
1 −
k2
1
k2
2
sin2
θb
to give
sin θb =
1
p
1 + ϵ1/ϵ2
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Perpendicular  Polarization
❑ In this case the electric field vector is perpendicular to the xz plane.
❑ The incident field can be written as
Ēi = E0ŷe−jk1(x sin θi+z cos θi)
H̄i = E0
η1
(−x̂ cos θi + ẑ sin θj) e−jk1(x sin θi+z cos θi)
,
where k1 = ω
√
µ0ϵ1 and η1 =
p
µ0/ϵ1
❑ The reflected and transmitted fields can be
expressed as
Ēr = E0Γŷe−jk1(x sin θr−z cos θr)
H̄r = E0Γ
η1
(x̂ cos θr + ẑ sin θr) e−jk1(x sin θr−z cos θr)
Ēt = E0Tŷe−jk2(x sin θt+z cos θt)
H̄t = E0T
η2
(−x̂ cos θt + ẑ sin θt) e−jk2(x sin θt+z cos θt)
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Perpendicular  Polarization
❑ Equating the tangential field components Ey and Hx at z = 0 gives
e−jk1x sin θi
+ Γe−jk1x sin θr
= Te−jk2x sin θt
−1
η1
cos θie−jk1x sin θi
+
Γ
η1
cos θre−jk2x sin θr
=
−T
η2
cos θte−jk2x sin θt
.
❑ By the same phase matching argument that was used in the parallel
case, we obtain Snell’s
k1 sin θi = k1 sin θr = k2 sin θt
❑ The reflection and transmission coefficients are
Γ =
η2 cos θi − η1 cos θt
η2 cos θi + η1 cos θt
T =
2η2 cos θi
η2 cos θi + η1 cos θt
.
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Perpendicular  Polarization
❑ For this polarization no Brewster angle exists where Γ = 0,
❑ The numerator of Γ could be zero:
η2 cos θ2 = η1 cos θ2
❑ Snell’s law to give
k2
2 η2
2 − η2
1

= k2
2η2
2 − k2
1η2
1

sin2
θi
❑ This leads to a contradiction since the term in parentheses on the
right-hand side is identically zero for dielectric media.
❑ Thus, no Brewster angle exists for perpendicular polarization for dielectric
media.
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Perpendicular  Polarization
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Total  Reflection and Surface Waves
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Total  Reflection and Surface Waves
❑ Snell’s law can be rewritten as
sin θt =
r
ϵ1
ϵ2
sin θi
❑ Consider the case (for either parallel or perpendicular polarization) where
ϵ1  ϵ2.
❑ As θi, increases, the refraction angle θt will increase, but at a faster rate
than θi increases.
❑ The incidence angle θi for which θt = 90◦
is called the critical angle, θc,
where
sin θc =
r
ϵ2
ϵ1
.
❑ At this angle and beyond, the incident wave will be totally reflected, as the
transmitted wave will not propagate into region 2.
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