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	7. CHAPTER Ι
  


	8. CHAPTER 𝚰
INTRODUCTION AND  PRELIMINARIES
In chapter Ι , we give an introduction to this project work and
summarize some basic concepts of graph theory which we needed for the
subsequent chapters.
1.1 INTRODUCTION
Today Graph Theory is one of the most flourishing branches of
Mathematics. Graph Theory is the study of graphs and is concerned with network
of points connected by lines. Graph serves as a mathematical model to analyse
successfully many concrete real world problems.
Graph theory has its foundation from the Konigsberg bridge problem.
This problem was solved by Swiss Mathematician Leonhard Paul Euler in
1736. Later many mathematicians started working with Graph Theory and now it is
considered as the fastest growing field of Mathematics.
Graph theory is a major tool in Mathematical Research, Electrical
Engineering, Computer Programming, Networking, Business Administration and
so on.
Out of all kinds of graphs, one the very interesting class of graphs is petal
graphs. These graphs have the similar structure as the petals of a flower. This
topic is very enthusiastic and yet to be developed.
 


	9. In chapter I,  we are giving an introduction to graph theory and discussing
about the basic definitions of Graph theory with suitable examples that are
necessary for the subsequent chapters.
In chapter II, an introduction to the petal graphs is given with some
examples.
In chapter III, the basic definitions of petal graphs and some more results are
explained.
In chapter IV, the planarity of a p- petal graph is well explained with the
help of a main theorem.
Let us hope that this project work will be the stepping stone in the path of
further future research developments in PETAL GRAPHS.
1.2 PRELIMINARY DEFINITIONS ON GRAPH THEORY:
Definition 1.2.1
A graphG consists of a pair(V (G), E (G)) where V (G) is a non-empty
finite set whose elements are called pointsor vertices and E (G) is a set of
unordered pair of distinct elements of V (G) whose elements are called linesor
edges.
Example1.2.1
 


	10. G:
Let V (G)  = {v1 ,v2,v3 ,v4 ,v5,v6,v7,v8,v9,v10,v11}
E (G) = { e1,e2,e3, e4,e5, e6,e7, e8, e9, e10,e11,e12,e13,e14,e15}
Then G = (V (G), E (G))
Definition 1.2.2
If 𝑥 = { 𝑢, 𝑣} ∈ 𝐸( 𝐺), the line 𝑥 is said to join 𝑢 and 𝑣.
We write 𝑥 = 𝑢𝑣 and say that the points 𝑢 and 𝑣 are adjacentpoints.
If two distinct lines 𝑥 and 𝑦 are incident with a common point , then they are called
adjacentlines.
Example 1.2.2
 


	11. Here a is  adjacent to b,c,d.
But b is not adjacent to c, c is not adjacent to d and d is not adjacent to b.
Definition 1.2.3
The numberof vertices or the cardinality of V (G) is called the order of the
graphG.
The numberof edges of E (G) is called the size of the graphG.
Example 1.2.3
For the following graph,
 


	12. Order = 6  and size = 9
Definition 1.2.4
A graph in which anytwo distinct vertices are adjacentis called a complete
graph.
The complete graph with n vertices is denoted by Kn.
Example 1.2.4
K5
 


	13. Definition 1.2.5
A graph  G is called a bigraphor bipartitegraph, if V can be partitioned
into two disjoint subsets V1 and V2 such that every line of G joins a vertex of V1 to
a point of V2.
(V1, V2) is called a bi partition of G.
Further if G contains every line joining each vertices of V1 to the every
vertices of V2 then G is called completebipartitegraph.
If V1 contains m vertices and V2contains n vertices then the complete
bipartite graph G is denoted by Km,n.
Example 1.2.5
A bipartite graph is,
A complete bipartite graph is,
 


	14. Definition 1.2.6
The degree  of a vertex vi in a graph G is the numberof lines incident with vi.
The degree of vi is denoted by dG(vi) or deg (vi) or simply d (vi).
Example 1.2.6
For the graph,
d(u1) = d(u2) = d(u3) = d(u4) = d(u5) = 3 and
d(u6) = 5.
 


	15. Definition 1.2.7
A vertex  v of degree zero is called an isolated vertex.
A vertex v of degree one is called an end vertex or pendant vertex.
Definition 1.2.8
The Petersen Graph is a (5,10) graph.
Example 1.2.8
 


	16. Definition 1.2.9
A spanningsub  graph of G is a sub graph H with V (H) = V (G).
Example 1.2.9
For the Petersen graph the spanning sub graph is given by,
Definition 1.2.10
Two graphs G1 = (V1, E1) and G2 = (V2, E2) are said to be isomorphicif
there exists a bijection f: V1 ⟶ V2 such that u, v are adjacentin G1 if and only if f
(u),
f (v) are adjacentin G2.
Themap f is called an isomorphism from G1 to G2.
If G1 is isomorphic to G2,then we write G1 ≅ G2.
 


	17. Definition 1.2.11
For any  graph G, we define
𝛅(G) = min {deg u / u ∈ V (G)}
∆(G) = max {deg u / u ∈ V (G)}
Definition 1.2.12
If all the points of G have the same degree r then
𝛅(G) = ∆(G) = r and G is called r –regulargraph.
Definition 1.2.13
A walkoflength 𝑘 is a sequence 𝜔 = 𝑣0, 𝑣1, 𝑣2,… , 𝑣 𝑘 of vertices where 𝑣𝑖
is adjacent to 𝑣𝑖+1 for 𝑖 = 0,1,… , 𝑘 − 1.
Definition 1.2.14
If the vertices v0,v1,v2,…, vk of the walk
W = v0,e1,v1,e2,v2,..… …, vk−1,ek,vk are distinct then W is a path.
A path with n vertices is denoted by Pn of length n−1.
Definition 1.2.15
A v0−vk walk is called closed if v0 = vk.
A closed walk v0,v1,v2.……vn = v0 in which n ≥ 3 and v0,v1,v2,. . , vn−1
are distinct is called a cycle of length n.
The graph consisting of a cycle of length n is denoted by Cn .
 


	18. Example 1.2.15
Definition 1.2.16
Two  vertices u and v of a graph G are said to be connected if there exist a
u-v path in G.
 


	19. CHAPTER ΙI
  


	20. CHAPTER II
INTRODUCTION TO  PETAL GRAPHS
In chapter II, we are giving an introduction to the petal graphs and explain
them with suitable examples.
Definition 2.1
A petal graph G is a simple connected (possibly infinite) graph with
maximum degree three, minimum degree two, and such that the set of vertices of
degree three induces a 2-regular graph G△ (possibly disconnected) and the set of
vertices of degree two induces a totally disconnected graph Gδ.
If G△ is disconnected, then each of its components is a cycle.
Example 2.1
G:
 


	21. Here, maximum degree  = 3 and
minimum degree = 2.
The graph induces by the set of vertices of degree three is,
The graph induces by the set of vertices of degree two is,
Hence, G is a petal graph. In the standard form it is represented as,
( 2-regular and
connected)
G∆:
Gδ:
(disconnected)
 


	22. Note 2.1
In this  paper, we consider petal graphs with a petals, P0, P1, . . . , Pa−1 and
r components, 𝐺∆0
, 𝐺∆1, ……….𝐺∆ 𝑟−1
.
Definition 2.2
The vertex set of G is given by V = V1 ∪ V2, where
V1 = {ui}, i =0, 1, . . . , 2a − 1 is the set of vertices of degree three and
V2 = {vj} , j =0, 1, . . . , a − 1 is the set of vertices of degree two.
Example 2.2
From the above graph G1 ,
 


	23. Here, V(G1) =  V1 ∪ V2 , where
V1(G) = {u0,u1,u2,u3} → 3 = 2× 2 -1 = 2a -1 (a = 2)
And V2(G) = {v0,v1}→ 1 = 2-1 = a-1 (a = 2)
More Examples for the petal graphs:
(i)
Here, V(G2) = V1 ∪ V2 , where
V1(G2) = {u0,u1,u2,u3, u4,u5 , u6,u7 , u8. u9 ,U10,u11}
→ 11 = 2× 6 -1 = 2a -1 (a = 6)
 


	24. and V2(G2) =  {v0,v1 v2,v3,v4.v5} → 5 = 6-1 = a-1 (a = 6)
In the standard form G2 is represented as,
 


	25. (ii)
Here, V(G3) =  V1 ∪ V2 , where
V1(G3) = {u0,u1,u2,u3, u4,u5 , u6,u7 , u8. u9 ,U10,u11 ,u12,u13}
→ 13 = 2× 7 -1 = 2a -1 (a = 7)
and V2(G2) = {v0,v1 v2,v3,v4.v5 ,v6} → 6 = 7-1 = a-1 (a = 7)
In the standard form G3 is represented as,
 


	26. Definition 2.3
Clearly for  the petal graph G, G△ and Gδ are sub graphs.
The sub graph Gδ is a totally disconnected graph with vertex set V2.
The sub graph G△ is a cycle given by ,
G△ : u0,u1,……….,u2a-1.
 


	27. Example 2.3
(i) For  G1, the sub graphs are,
G∆: ( 2-regular and connected)
Gδ: (disconnected)
 


	28. (ii) For G2,  the sub graphs are,
G∆: ( 2-regular and connected)
Gδ: (disconnected)
(iii) For G3, the sub graphs are,
G∆: ( 2-regular and connected)
 


	29. Gδ: (disconnected)
Definition 2.4
The  set P (G) = P0, P1, . . . , Pa−1 is the petal set of G.
Example 2.4
For G1,
P0,P1 are the petal set.
For G2,
P0, P1, P2, P3 ,P4, P5 are the petal set.
 


	30. For G3,
P0, P1,  P2, P3 ,P4, P5 ,P6 are the petal set.
Definition 2.5
Consider the path uiui+1 . . . ui+k , k ≥ 1 on the component 𝐺∆ 𝑙
of G△.
Let vj ∈ V2 be adjacent to ui and ui+k.
Then the path Pj = uivjui+k is called a petal of G in the component 𝐺∆ 𝑙
.
Example 2.5
For G1, the petals are,
P0 = u0v0u2 , P1 = u1v1u3
For G2, the petals are,
P0 = u0v0u3 , P1 = u2v1u5
P2 = u4v2u7 , P3 = u6v3u9
P4 = u8v4u11 , P5 = u10v5u1.
For G3, the petals are,
P0 = u0v0u5 , P1 = u2v1u4
P2 = u1v2u3 , P3 = u6v3u7
P4 = u13v4u11 , P5 = u12v5u9 &
P6 = u8v6u10 .
 


	31. Definition 2.6
The path  from ui to ui+k of length pj = min {k, 2a−k} is called the base of Pj.
We call pj the size of the petal Pj.
The petal size of G is given by p (G) = max {pj, j = 0, 1, . . . , a −1}.
The vertex vj is called the center of the petal Pj.
The vertices ui and ui+k are called the base points of Pj.
Example 2.6
For G1 (a = 2), the petal size is calculated as follows:
p0 = 2 , p1 = 2
Hence, the petal size ,p(G1) = 2.
For G2 (a = 6), the petal size is calculated as follows:
p0 = 3 , p1 = 3 ,
p2 = 3 , p3 = 3 ,
p4 = 3 , p5 = 3
Hence, the petal size ,p(G2) = 2.
For G3 (a = 7), the petal size is calculated as follows:
p0 = 5 , p1 = 2 ,
p2 = 2 , p3 = 1 ,
 


	32. p4 = 2  , p5 = 3, p6 = 2.
Hence, the petal size ,p(G3) = 5.
Definition 2.7
We refer a petal of finite size to be a finite petal.
We denote the number of finite petals in G as,
𝑎 𝑓 = ∑ 𝑎𝑡
𝑟−1
𝑡=0
Example 2.7
For G1,
af = ao+a1
For G2,
af = ao+a1+ a2+a3 +a4+a5
Definition 2.8
The petal Pj = ukvjul, where uk and ul are in distinct components of G△
is called an infinite petal.
The size of an infinite petal is infinity.
We call the vertices uk and ul as the base points of Pj .
An infinite petal connects two components of G.
 


	33. Example 2.8
In G3,  P3 = u6v3u7.
Here, u6 and u7 lies in two different components.
Hence,P3 is an infinite petal and size of P3 is ∞.
Definition 2.9
The set of infinite petals connecting two components 𝐺∆ 𝑘
and 𝐺∆ 𝑙
is denoted
by P (𝐺∆ 𝑘
∪ 𝐺∆ 𝑙
).
The number of infinite petals in P (𝐺∆ 𝑘
∪ 𝐺∆ 𝑙
) is denoted by akl.
The number of infinite petals in a petal graph is given by
𝑎∞ = ∑ 𝑎 𝑘𝑙
0≤𝑘<𝑙≤𝑟−1
Example 2.9
In graph G3, P3 is an infinite petal and size of P3 is ∞.
Hence, P (G∆0
∪ G∆1
) = { P3 }
Therefore, akl = a01 = 1.
The number of infinite petals,
𝑎∞ = ∑ 𝑎 𝑘𝑙
0≤𝑘<𝑙≤𝑟−1
= a01
= 1 .
 


	34. Definition 2.10
The number  of petals a in a petal graph G is given by
a = af + a∞.
Example 2.10
For G1,
a = ao+a1
For G2,
a= ao+a1+ a2+a3 +a4+a5
For G3,
a = ao+a1+ a2+a3 +a4+a5+ a01.
 


	35. CHAPTER ΙII
  


	36. CHAPTER III
BASIC DEFINITIONS  AND RESULTS OF PETAL
GRAPHS
In this chapter III, we are discussing about some preliminary theorems and
results on petal graphs that are necessary for the subsequent chapters.
Definition 3.1
The sequence {𝑢𝑖 } of vertices 𝑢0, 𝑢1, . . . , 𝑢2𝑎−1 of 𝐺∆is
called the vertex sequence of G.
The sequence {𝑣𝑗 } of vertices 𝑣0, 𝑣1,…. . , 𝑣 𝑎−1of Gδ is called the vertex
sequence of the petals of G.
The sequence {𝑃𝑗 } of petals 𝑃0 , 𝑃1 , . . . ,𝑃𝑎−1 is called the petal sequence of
G.
Example 3.1
From Chapter II, we have
(i)
 


	37. Vertex sequence =  u0,u1,u2,u3
Vertex sequence of petals of G = v0,v1
Petal sequence = P0,P1
(ii)
Vertex sequence = u0,u1,u2,u3,u4,u5,u6,u7,u8,u9,u10,u11
Vertex sequence of petals of G = v0,v1,v2,v3,v4,v5
 


	38. Petal sequence =  P0,P1,P2,P3,P4,P5
(iii)
Vertex sequence = u0,u1,u2,u3,u4,u5,u6,u7,u8,u9,u10,u11, u12,u13
Vertex sequence of petals of G = v0,v1,v2,v3,v4,v5,v5
Petal sequence = P0,P1,P2,P3,P4,P5,P6
Note 3.1
Note that the suffices are written in the ascending order.
Definition 3.2
The distance l(𝑃𝑖, 𝑃𝑗) between two petals 𝑃𝑖= 𝑢 𝑘 𝑣𝑖 𝑢𝑙 and
 


	39. 𝑃𝑗=𝑢 𝑘` 𝑣𝑗  𝑢𝑙`in 𝐺∆ 𝑙
is the length of the shortest path between their base points𝑢 𝑘and
𝑢 𝑘`or 𝑢𝑙 and 𝑢𝑙`in 𝐺∆ 𝑙
.
Let 𝑃𝑖= 𝑢 𝑘 𝑣𝑖 𝑢𝑙and 𝑃𝑗=𝑢 𝑘` 𝑣𝑗 𝑢𝑙`be two petals of G. If 𝑃𝑖∈ P(𝐺∆ 𝑠
)
and 𝑃𝑗∈P(𝐺∆ 𝑠
∪𝐺∆ 𝑡
), thenl(𝑃𝑖, 𝑃𝑗) in 𝐺∆ 𝑠
is the length of the shortest path between
𝑢 𝑘and 𝑢 𝑘`in 𝐺∆ 𝑠
.
If 𝑃𝑖 and 𝑃𝑗∈P(𝐺∆ 𝑠
∪𝐺∆ 𝑡
), then l(𝑃𝑖, 𝑃𝑗) in 𝐺∆ 𝑠
is the length of the shortest
path between their base points 𝑢 𝑘 and 𝑢 𝑘`in𝐺∆ 𝑠
and l(𝑃𝑖, 𝑃𝑗)in 𝐺∆ 𝑡
is the length of
the shortest path between their basepoints in 𝑢𝑙 and 𝑢𝑙`in 𝐺∆ 𝑡
.
When each base point of 𝑃𝑖and 𝑃𝑗is in distinct components of 𝐺∆, then
l(𝑃𝑖, 𝑃𝑗)= ∞.
Note 3.2
In this paper we consider petal graphswhose infinite petals do not cross one
another.
Definition 3.3
A petal graph G of size n with petal sequence {𝑃𝑗} is said
to be a p-petal graph denoted G = 𝑃𝑛,p, if every petal in G is of size p and
l(𝑃𝑖, 𝑃𝑖+1) = 2, i = 0, 1, 2, . . . , a−1 where the suffices are taken modulo a.
In a p-petal graph the petal size p is always odd because, otherwise
l(𝑃𝑖, 𝑃𝑖+1) willnot be 2 for some i.
Example 3.3
(i) For G1,
P0,P1 are the petal set.
 


	40. In G1 (a  = 2), the petal size is calculated as follows:
p0 = 2 , p1 = 2
Hence, the petal size ,p(G1) = 2 =p (even).
But, l(P0,P1) = 1 ≠ 2.
Hence, G1≠ P2,2
(ii) For G2,
P0, P1, P2, P3 ,P4, P5 are the petal set.
In G2 (a = 6), the petal size is calculated as follows:
p0 = 3 , p1 = 3 ,
p2 = 3 , p3 = 3 ,
p4 = 3 , p5 = 3
Hence, the petal size ,p(G2) = 2=p (even).
Also, l(P0,P1) = 2.
Hence, G2 = P3,3.
(iii) For G3,
P0, P1, P2, P3 ,P4, P5 ,P6 are the petal set.
In G3 (a = 7), the petal size is calculated as follows:
p0 = 5 , p1 = 2 ,
 


	41. p2 = 2  , p3 = 1 ,
p4 = 2 , p5 = 3, p6 = 2.
Hence, the petal size ,p(G3) = 5 = p(odd).
But, l(P0,P1) = 1 ≠ 2.
Hence, G3≠ Pn,p.
Definition 3.4
A petal graph G is said to be a partial petal graph if 𝐺∆,
is disconnected.
Example 3.4
(i) For G1, G∆ is connected.
Hence, G1 is not a partial petal graph.
(ii) For G2, G∆ is connected.
Hence, G2 is not a partial petal graph.
(iii) ForG3, G∆ is disconnected.
Hence, G3 is a partial petal graph.
 


	42. Definition 3.5
The partial  petal graph G is called a partial p-petalgraph if every finite
petal in G is of size p and l(𝑃𝑖, 𝑃𝑖+1)= 2 for any petal 𝑃𝑖 in any component𝐺∆ 𝑙
.
Example 3.5
Clearly, G3 is a partial petal graph.
G3 have 6 finite petals and 1 infinite petal.
But, the size of the finite petals (=2) is not same as p (=5) and l(Pi,Pi+1) ≠ 2,∀ Pi.
So, G3 is a partial petal graph , but G3 is not a partial p-petal graph.
Definition 3.6
Two infinite petals 𝑃𝑖 and 𝑃𝑗 of P(𝐺∆ 𝑘
∪𝐺∆ 𝑙
) form an
infinitepetal pair if their base points lie on the bases of two successivefinite
petals in both 𝐺∆ 𝑘
and 𝐺∆ 𝑙
.
Example 3.6
 


	43. Clearly G∆ ֨  s are 2- connected and Gδ ֨ s are disconnected.
In the standard form it can be represented as,
Here in the petal P1 = u1v1u2 , the bases lies in different components.
Also, in the petal P2 = u6v2u5 , the bases lies in different components.
Hence, P1 and P2 are infinite petals.
Now the petals P0 = u0v0u7 and P3 = u3v3u4 are finite petals.
Since the base points of the infinite petals do not lie on the bases of two successive
finite petals, we can say that the infinite petals P1 and P2 do not form an infinite
petal pair.
Definition 3.7
A component 𝐺∆ 𝑘
is called a pendantcomponent if it is
 


	44. connected to only  one component of G by way of infinite petals.
Example 3.7
(i) In G3, P3 = u6v3u7.
Here, u6 and u7 lies in two different components.
Hence,P3 is an infinite petal.
The component 𝐺∆0
is connected to 𝐺∆1
by the infinite petal P3 .
Hence, 𝐺∆0
and 𝐺∆1
are pendent components.
(ii) In G4, P1and P2 are an infinite petals.
The component 𝐺∆0
is connected to 𝐺∆1
by the infinite petals P1and P2 .
Hence, 𝐺∆0
and 𝐺∆1
are pendent components.
Theorem 3.1
If G is a p-petal graph of order n and size m, then n = 3a
and m = 4a such that m < 3n − 6, where a > 1.
Proof:
Let G be a p-petal graph of order (number of vertices) n and size (number of
edges) m.
∴ G=𝑃𝑚,𝑛
Since G is petal graph , it constitutes of 2-regular graph 𝐺∆ 𝑠
(Possibly
disconnected) and total disconnected graphs 𝐺 𝛿 𝑠
.
 


	45. Now, |V (𝐺  𝛿)| = a
⟹ |V (𝐺∆)| = 2a.
Now, |V (G)| = |V (𝐺 𝛿)| +|V (𝐺∆)|
⟹ n = a+2a
= 3a
⟹n = 3a
By the definition of petal graphs, it is clear that, each petal contributes 2 to
the edge set G.
Hence each 𝐺∆ contributes 2a to the edge set of G.
∴size of G, m = 2(2a)
⟹ m = 4a
Now, 3n−6 = 3(3a) −6
= 9a−6
> 4a, when a > 1
= m
∴ 3n−6>m
Hence proved.
Theorem 3.2
If G is a p-petal graph, then there are at least p petals in G.
Proof:
Let G be a p-petal graph G with a petals.
Consider a petal 𝑃𝑗= 𝑢 𝑘 𝑣𝑗 𝑢𝑙 of G.
There are p − 1 vertices on the base of this petal𝑃𝑗 other than 𝑢𝑖 𝑎𝑛𝑑 𝑢 𝑘.
 


	46. There are p  − 1 petals in G other than 𝑃𝑗 with one of their base points lying
in the base.
There at least p-petals in G.
Hence proved.
 


	47. CHAPTER ΙV
  


	48. CHAPTER IV
PLANARITY OF  p-PETAL GRAPHS
In chapter IV, we are going to prove that the necessary and sufficient
condition for a planar p-petal graph G is that, G has even number of petals each of
size three. We also characterize the planar partial p-petal graphs.
While considering planarity, it is enough to consider 2- connected graphs.
It can be easily verified that a p-petal graph G = Pn,p is planar when
p (G) = 1 , for any value of n as well as a.
Theorem 4.1 (Kuratowski’s Theorem)
A graph is planarif and only if it hasno sub graph homeomorphicto K5 or
K3,3 .
Proof:
The proof of the above theorem is not used here since it is beyond the scope
of this chapter.
Note 4.1
The graphs K5 and K3,3 are called Kuratowski’s graphs.
 


	49. Theorem 4.2
A graph  is planarif and only if it does not have a sub graph contractile to K5
or K3,3 .
Proof:
The proofof the above theorem is not used here since it is beyond the scope
of this chapter.
Theorem 4.3
The graphs K5 or K3,3 are not planar.
Proof:
We know that, K5 is a (5, 10) graph.
We have,
“In anyconnected plane(p, q) graph (p ≥ 3) with r faces, then q ≤ 3r/2 and
q ≤ 3p-6.”
But q = 10 and p = 5 do not satisfy this inequality.
Hence K5 is not planar.
Again, K3,3 is a (6,9) bipartite graph and it has no triangles.
We have,
“If G is a plane connected (p, q) graph without triangles and p ≥ 3, then
q ≤ 2p - 4.”
But q = 9 and p = 6 do not satisfy this inequality.
Hence K3,3 is not planar.
Hence the proof.
Note 4.2
 If G is planar, then every sub graph of G is planar.
 


	50.  If G  is non planar, then every sub graph of G is non planar.
Theorem 4.4
The Petersen graph is non planar.
Proof:
Let P be a Petersen Graph.
Then Petersen Graph is contractible to K5 by contracting the lines
1a, 2b, 3c, 4d and 5e.
Using theorem 4.2, the Petersen graph is non planar.
Hence the proof.
Another proof:
Let P be a Petersen Graph.
 


	51. The graph P*  is obtained from the Petersen Graph by removing one of the
vertices.
V1 = {u0,u1,u2,u3,u4,u5} → 5 = 2 × 3 – 1 = 2a -1 (a = 3)
V2 = {v0,v1,v2} → 2 = 3 -1 = a-1(a = 3)
Here,
And
(2-regular,connected)
G∆:
 


	52. ∴ P* is  a 3-petal graph P9,3 and it is a sub division of K3,3.
Using theorem 4.3, the Petersen graph is non planar.
Hence the proof.
Note 4.3
(Disconnected)
 


	53. The suffices of  ui are always taken modulo 2a and that of vj are taken
modulo a.
Note 4.4
For any petal Pj = uivjuk , j = even (i, j) ÷ 2.
Theorem 4.5
A p-petal graph G = Pn,p (p ≠ 1) is planar if and only if the following
conditions are satisfied.
(i) p = 3.
(ii) a is an even integer.
Proof:
Consider the p-petal graph G = Pn,p, where p is an odd number.
Let S : u0 ,u1,……….,u2a-1 be the vertex sequence of G.
Assume that at least one of the above conditions is not satisfied.
Then the following cases arise:
Case 1: p = 3 and a is odd.
Case 1a: a = 3.
Let G = P9,3 be the given p-petal graph with the vertex sequence
S : u0, u1, u2, u3, u4, u5.
Partition the vertex set V1 (G) into two sets 𝑉1
1 ( 𝐺) 𝑎nd 𝑉1
2 ( 𝐺)such that
𝑉1
1 ( 𝐺) = {u0, u2, u4} and
𝑉1
2 ( 𝐺) = {u1, u3, u5}.
 


	54. Represent G using  the following steps so that the adjacency of the vertices of G is
preserved:
Take the cycle u0 u1 u2 u3 u4 u5 containing the vertices of
𝑉1
1 ( 𝐺) ∪ 𝑉1
2 ( 𝐺).
Subdivide the edges (ui, ui+3), with the vertices vi, i = 0 to 2 respectively.
This case is pictures as follows:
This representation of G = P9,3 is isomorphic to a subdivision of K3,3.
Hence G is not planar.
Case 1b: a > 3.
Partition the vertex set V1 (G) into two sets 𝑉1
1 ( 𝐺), 𝑉1
2 ( 𝐺) 𝑎𝑛𝑑 𝑉1
3 ( 𝐺) such that
𝑉1
1 ( 𝐺) = {u0, u2, u2a−2} ,
𝑉1
2 ( 𝐺) = {u1, u3, u2a−1} and
 


	55. 𝑉1
3 ( 𝐺)  has the remaining vertices.
Represent G using the following steps so that the adjacency of the vertices of G is
preserved:
Take the cycle u0, u1, u2, u3, u2a−2, u2a−1 containing the vertices of
𝑉1
1 ( 𝐺) ∪ 𝑉1
2 ( 𝐺).
Connect the pairs of vertices (u0, u3), (u1, u2a−2) & (u2, u2a−1).
Subdivide ,
the edge (u3, u2a−2) with the vertices u4, u7, . . . , ui, ui+3, ui+4, ui+7, . . . ,u2a−6, u2a−3
&
the edge (u2, u2a−1) with the vertices u5, u6, . . . , ui, ui+1, ui+4, ui+5,....., u2a−5,u2a−4 .
Connect the pairs of vertices (u4, u5), (u6, u7), . . . , (u2a−4, u2a−3).
Subdivide the edges (u2i, u2i+3), with the vertices vi, i = 0 to a − 1 respectively.
This case is pictures as follows:
 


	56. This representation of  G = Pn,3 is isomorphic to a graph having a subdivision
of K3,3 as its sub graph.
Hence G is not planar.
Case 2: p > 3 and a is odd.
Case 2a: a = p.
Partition the vertex set V1 (G) into two sets 𝑉1
1 ( 𝐺), 𝑉1
2 ( 𝐺) 𝑎𝑛𝑑 𝑉1
3 ( 𝐺) such that
 


	57. 𝑉1
1 ( 𝐺)  = {u0, ua-1, ua+1} ,
𝑉1
2 ( 𝐺) = {u1, ua, u2a−1} and
𝑉1
3 ( 𝐺) has the remaining vertices.
Represent G using the following steps so that the adjacency of the vertices of G is
preserved:
Take the cycle u0, u1, ua-1, ua , ua+1, u2a−1 containing the vertices of
𝑉1
1 ( 𝐺) ∪ 𝑉1
2 ( 𝐺).
Connect the pairs of vertices (u0, ua), (u1, ua+1), (ua−1, u2a−1).
Subdivide,
the edge (u1, ua−1) with the vertices u2, u3, . . . , ua−2
&
the edge(ua+1, u2a−1) with the vertices ua+2, ua+3, . . . , u2a−2.
Connect the vertex pairs (u2, ua+2), (u3, ua+3), . . . , (ui, ua+i), . . . ,(ua−2,u2a−2).
Subdivide the edges (u2i, u2i+a), with the vertices vi, i = 0 to a − 1 respectively.
This case is pictures as follows:
 


	58. This representation of  G = Pn,p is isomorphic to a graph having a subdivision
of K3,3 as its sub graph.
Hence G is not planar.
 


	59. Case 2b: a  > p.
Partition the vertex set V1 (G) into two sets 𝑉1
1 ( 𝐺), 𝑉1
2 ( 𝐺) 𝑎𝑛𝑑 𝑉1
3 ( 𝐺) such that
𝑉1
1 ( 𝐺) = {u0, u2, u2a-2} ,
𝑉1
2 ( 𝐺) = {u1, up-2, u2a−1} and
𝑉1
3 ( 𝐺) has the remaining vertices.
Represent G using the following steps so that the adjacency of the vertices of G is
preserved:
Take the cycle u0, u1, u2, up−2, u2a−2, u2a−1 containing the vertices of
𝑉1
1 ( 𝐺) ∪ 𝑉1
2 ( 𝐺).
Connect the pairs of vertices (u0, up−2), (u1, u2a−2), (u2, u2a−1).
Subdivide,
the edge (u2, up−2) with the vertices ui , i = 3 to p−3,
the edge (up−2, u0) with the vertices up−1 and up,
the edge (u2, u2a−1) with the vertices up+2,up+3, . . . , u2a−p−1,
&
the edge (u1, u2a−2) with the vertices u2a−p+1, u2a−p+2,. . . , u2a−3.
Connect the vertices up, up+2 and subdivide the edge with up+1, and
connect the vertices u2a−p−1, u2a−p+1 and subdivide the edge with u2a−p .
Connect the vertices (ui−1, up+i−1) for the remaining values of i.
Subdivide the edges (u2i, u2i+p), with the vertices vi, i = 0 to a − 1 respectively.
This case is pictures as follows:
 


	60. This representation of  G = Pn,p is isomorphic to a graph having a subdivision
of K3,3 as its sub graph.
Hence G is not planar.
 


	61. Case 3:p >  3 and a is even.
Case 3a: a = p + 1.
Partition the vertex set V1 (G) into two sets 𝑉1
1 ( 𝐺), 𝑉1
2 ( 𝐺) 𝑎𝑛𝑑 𝑉1
3 ( 𝐺) such that
𝑉1
1 ( 𝐺) = {u0, u2, u2a-2 } ,
𝑉1
2 ( 𝐺) = {u1, up-2, u2a−1} and
𝑉1
3 ( 𝐺) has the remaining vertices.
Represent G using the following steps so that the adjacency of the vertices of G is
preserved:
Take the cycle u0, u1, u2, up−2, u2a−2, u2a−1 containing the vertices of
𝑉1
1 ( 𝐺) ∪ 𝑉1
2 ( 𝐺).
Connect the pairs of vertices (u0, up−2), (u1, u2a−2), (u2, u2a−1).
Subdivide,
the edge (up−2, u0) with the vertices up−1, up,
the edge (u2a−1, u2) with the vertices up+1, up+2,
the edge(u1, u2a−2) with the vertices up+3, up+4,. . . u2a−3.
Connect the pairs of vertices (up−1, u2a−3), (up, up+1) and (up+2, up+3) .
Connect the vertices (u2i, up+2i) for the remaining values of i (calculations on
suffices taken modulo 2a).
Subdivide the edges (u2i, u2i+p), with the vertices vi, i = 0 to a − 1 respectively.
This case is pictures as follows:
 


	62. This representation of  G = Pn,p is isomorphic to a graph having a subdivision
of K3,3 as its sub graph.
Hence G is not planar.
 


	63. Case 3b: a  > p + 1.
In this case, we are considering a > p + 1.
Clearly , a > p + 1 ˃ p.
By Case 2b, we can conclude that,
the representation of G = Pn,p is isomorphic to a graph having a subdivision
of K3,3 as its sub graph.
Hence G is not planar.
Thus, the p-petal graph G=Pn,p(p≠ 1) is planar, if the conditions (i) and (ii)
holds.
Hence the proof.
Conversely,
Let G = Pn,3 be a 3-petal graph (p = 3) with petal sequence
{Pi},i = 0, 1, 2, . . . , a − 1, where a is even.
The cycle G△ divides the plane into two regions, the inner and the outer region.
It is possible to draw the a/2 petals P0, P2, . . . ,Pa−2 of G in the inner (or
outer) region so that they do not cross the remaining a/2 petals P1, P3, . . . , Pa−1
that are in the outer (or inner) region.
This representation of the 3-petal graph is obviously planar.
This case is pictures as follows:
 


	64. Consider a 3-petal  graph,
The petal sequence is {Pi} is
P0,P1,P2,P3,P4,P5
 


	65. Now, the two  regions are
Hence, G is planar.
Hence if the conditions (i) and (ii) holds, then the p-petal graph G=Pn,p
(p≠ 1) is planar.
Hence the proof.
 


	66. Corollary 4.5.1
Let G  be a partial p- petal graph with a petals. Let 𝐺∆0
, 𝐺∆1, ……….𝐺∆ 𝑟−1
be
the components of G with a1, a2, . . . , ar finite petals respectively. Let akl denote
the number of infinite petals in P(𝐺∆ 𝑙
∪ 𝐺∆ 𝑘
) for arbitrary k and l.
If the following conditions are satisfied, then the graph G is planar.
(i) p = 3
(ii) a is even
(iii) The number of finite petals Pi−1, Pi+1, . . . , Pj−1 in
𝐺∆ 𝑘
where Pi ∈ P(𝐺∆ 𝑘
∪ 𝐺∆ 𝑙
) and
Pj ∈ P(𝐺∆ 𝑘
∪ 𝐺∆ 𝑞
), 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑦 𝐺∆ 𝑙
= 𝐺∆ 𝑞
, is either
zero or odd.
Proof:
Let G be a partial p-petal graph as given.
From Theorem 4.5,
“A p-petal graph G = Pn,p (p ≠ 1) is planar if and only if the following
conditions are satisfied.
(i) p = 3.
(ii) a is an even integer.”
Hence it is sufficient to prove that G is planar if condition (iii) is satisfied.
Let us assume that condition (iii) holds true.
Consider the akl finite petals Pi−1, Pi+1, Pi+2, . . . , Pj−1 and the infinite petals
Pi, Pj (i < j) such Pi ∈ P(𝐺∆ 𝑘
∪ 𝐺∆ 𝑙
) and Pj ∈ P(𝐺∆ 𝑘
∪ 𝐺∆ 𝑞
).
From condition (iii ), if 𝑎 𝑘
1
˃ 0 then 𝑎 𝑘
1
is odd.
 


	67. Now, draw the  ⌈
𝑎 𝑘
1
2
⌉ finite petals Pi−1, Pi+2, . . . , Pj−1 in the inner region of 𝐺∆ 𝑘
and
the remaining ⌊
𝑎 𝑘
1
2
⌋ petals in the outer region of 𝐺∆ 𝑘
.
This representation of 𝐺∆ 𝑘
is obviously planar.
Since 𝐺∆ 𝑘
is an arbitrary component of G, we conclude that G is planar.
Corollary 4.5.2
The converse part of the above corollary is not true.
Proof:
Let the partial p-petal graph G be planar.
Therefore, each component 𝐺∆ 𝑘
, k = 0, 1, 2, . . . , r−1 is also planar.
From given conditions, p = 3 and each ai is even.
Assume that 𝐺∆ 𝑘
is pendant, connected to 𝐺∆ 𝑙
.
Let 𝑃𝑖 = usvi 𝑢 𝑠
′
and 𝑃𝑗 = utvj 𝑢 𝑡
′
be the infinite petal pair between 𝐺∆ 𝑘
and 𝐺∆ 𝑙
where, us and ut are in 𝐺∆ 𝑘
.
Let 𝐺∆ 𝑘
′
and 𝐺∆ 𝑙
′
be the components obtained by identifying vi and vj to get a
new vertex vij.
The paths usvijut and 𝑢 𝑠
′
vij 𝑢 𝑡
′
can act as finite petals in 𝐺∆ 𝑘
′
and
𝐺∆ 𝑙
′
respectively.
Clearly, each of these components is planar.
Hence, the number of finite petals other than usvijut in 𝐺∆ 𝑘
′
is odd.
Similarly, the number of finite petals other than 𝑢 𝑠
′
vij 𝑢 𝑡
′
in 𝐺∆ 𝑙
′
is also odd.
This idea is applicable to any pendant component connected to 𝐺∆ 𝑘
.
 


	68. When 𝐺∆ 𝑘
is  connected to 𝐺∆ 𝑙
and the pendant component 𝐺∆ 𝑞
, even if condition
(iii) is not satisfied, planarity can be preserved by drawing the plane graph of 𝐺∆ 𝑞
in the inner region of 𝐺∆ 𝑘
.
Hence the proof.
 


	69. CONCLUSION
  


	70. CONCLUSION
In this project,  we are dealing with the petal graphs with their basic
definitions and the planarity of p-petal graphs.
The introduction of petal graphs gives the basic ideas of generating the petal
graphs of various size and order.
The basic definitions of petal graphs deal with two main theorems along
with some more results.
The planarity of p-petal graphs provides a necessary and sufficient condition
for planar condition.
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